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Abstract

Incorporating new information into a knowledge base is an important problem which has
been widely investigated. In this paper, we study this problem in a formal framework for
reasoning about actions and change. In this framework, action domains are described in an
action language whose semantics is based on the notion of causality. Unlike the formalisms
considered in the related work, this language allows straightforward representation of non-
deterministic effects and indirect effects of (possibly concurrent) actions, as well as state
constraints; therefore, the updates can be more general than elementary statements. The
expressivity of this formalism allows us to study the update of an action domain descrip-
tion with a more general approach compared to related work. First of all, we consider the
update of an action description with respect to further criteria, for instance, by ensuring
that the updated description entails some observations, assertions, or general domain prop-
erties that constitute further constraints that are not expressible in an action description in
general. Moreover, our framework allows us to discriminate amongst alternative updates
of action domain descriptions and to single out a most preferable one, based on a given
preference relation possibly dependent on the specified criteria. We study semantic and
computational aspects of the update problem, and establish basic properties of updates as
well as a decomposition theorem that gives rise to a divide and conquer approach to updat-
ing action descriptions under certain conditions. Furthermore, we study the computational
complexity of decision problems around computing solutions, both for the generic setting
and for two particular preference relations, viz. set-inclusion and weight-based preference.
While deciding the existence of solutions and recognizing solutions are PSPACE-complete
problems in general, the problems fall back into the polynomial hierarchy under restric-
tions on the additional constraints. We finally discuss methods to compute solutions and
approximate solutions (which disregard preference). Our results provide a semantic and
computational basis for developing systems that incorporate new information into action
domain descriptions in an action language, in the presence of additional constraints.
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1 Introduction

As we live in a world where knowledge and information is in flux, updating knowl-
edge bases is an important issue that has been widely studied in the area of knowl-
edge representation and reasoning, (see e.g. [67,12,20,61] and references therein).
However, the problem is far from trivial and many different methods have been
proposed to incorporate new information, be it affirmative or prohibitive, which are
based on different formal and philosophical underpinnings, cf. [67,39,57]. It ap-
pears that there is no general purpose method that would work well in all settings,
which is partly due to the fact that an update method is also dependent to some
extent on the application domain.

In particular, in reasoning about actions and change, the dynamicity of the world
is a part of the domain theory, and requires special attention in update methods.
For various approaches to formal action theories, including the prominent situation
calculus, event calculus, and action languages that emerged from the research on
non-monotonic reasoning, the problem of change has been widely studied and dif-
ferent methods have been proposed (see [64] for background and references, and
Section 8.1 for a more detailed discussion).

To give a simple example, consider an agent having the following knowledge, K1y,
about a TV with remote control:

(TV1) If the power is off, pushing the power button on the TV turns the power on.
(TV2) If the power is on, pushing the power button on the TV turns the power off.
(TV3) The TV is on whenever the power is on. !
(TV4) The TV is off whenever the power is off.

Now assume that the agent does not know how a remote control works (e.g., she
does not know the effect of pushing the power button on the remote control). Sup-
pose that later she obtains the following information, K g, about remote controls:

(RC1) If the power is on and the TV is off, pushing the power button on the remote
control turns the TV on.

(RC2) If the TV is on, pushing the power button on the remote control turns the
TV off.

* This paper is a revised and significantly extended version of a preliminary paper that ap-
peared in: Proc. 19th International Joint Conference on Artificial Intelligence (IJCAI 2005),
pp. 418-423.
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(Michael Fink), jan@kr.tuwien.ac.at (Jan Senko).

I Note that the statement is wrong; its defectiveness is observed and resolved upon update.



The task is now to incorporate this new knowledge into the current knowledge base
K7y . In this particular case, this seems unproblematic, as upon simply adding K o
to Ky the resulting stock of knowledge is consistent; in general, however, it might
be inconsistent, and a major issue is how to overcome this inconsistency.

We study the incorporation problem in the context of action languages [30]. In these
formalisms, actions and change are described by “causal laws.” For instance, in the
action language C [32], the direct effect of the action of pushing the power button
on the TV, stated in (TV1), is described by the causal law

caused PowerON after PushPBry N = PowerON, (D)

which expresses that this action, represented by PushPBry, causes the value of the
fluent PowerON to change from false to true; the indirect effect of this action that
is stated in (TV3) is described by the causal law

caused TvON if PowerON, (2)

which expresses that if the fluent PowerON is caused to be true, then the fluent
TvON is caused to be true as well.

Action description languages are quite expressive to easily handle nondeterminism,
concurrency, ramifications, qualifications, etc. The meaning of an action descrip-
tion can be represented by a “transition diagram”—a directed graph whose nodes
correspond to states and whose edges correspond to action occurrences; Figure 1
below (Section 2) shows an example. There are reasoning systems, like CCALC 2
and DLVX,? that accept domain descriptions in an action language, like C or K
respectively, and support various kinds of reasoning tasks over these descriptions,
including planning, prediction and postdiction in CCCALC and computing different
kinds of plans in DLV*.

As far as action languages are concerned, the update problem was studied to a re-
markably little extent. For the basic action language A (see [30]), which is far less
expressive than C, the update problem has been considered, e.g., in [44,47]. Both
works focused on updates that consist of elementary statements (i.e., essentially
facts) over time, and presented specific update methods, focusing on the contents
of the knowledge base. We address the update problem from a more general per-
spective in the following ways:

e We consider a richer language (i.e., a fragment of C) to study the update problem,
and updates are represented in terms of a set of arbitrary causal laws.

e We view the update problem from a more general perspective. Sometimes, en-
suring consistency is not sufficient: we might want to ensure also that the updated
action description entails some scenarios, conditions, or general properties of the

2 http://www.cs.utexas.edu/users/tag/cc/
3 http://www.dbai.tuwien.ac.at/proj/dlv/K/



domain that cannot be expressed by causal laws. In our update framework, such
further knowledge could be taken into account.

For example, for the effective use of the TV system in the above scenario, the
following constraint might be imposed:

(C) Pushing the power button on the remote control is always possible. *

If Kre is simply added to K7y, then (C) is not satisfied by Kz U Ky : when the
power and the TV are on, pushing the power button on the remote control is not
possible, since (RC2) and (TV3) contradict. The question is then how the agent can
update Kry by incorporating K rc relative to (C); note that (C) is not expressible
by causal laws in the action language C.

To represent constraints like (C), we use formulas for “queries” in action lan-
guages like in [30]; here, the formula

ALWAYS executable { PushPBr¢ }. 3)

has to evaluate to true, where { PushPBr¢ } stands for the concrete action of push-
ing the power button on the remote control. Similarly, consider the following sce-
nario that we might want the updated action description to entail:

(S) Sometimes, when the power is on, pushing the power button on TV turns the
power off, and after that if we push the power button on the TV then the power
1S on again.

This scenario cannot be expressed by means of causal laws either; however, it can

be expressed by a formula

SOMETIMES evolves PowerON;{PushPBry };
—PowerON; { PushPBry }; PowerON.

e Sometimes, an action description can be updated in several ways. Our framework
allows us to discriminate amongst alternatives and to single out a most preferable
candidate as the result, based on a given preference relation possibly dependent on
the additional constraint formulas.

In this paper, we consider a generic framework for incorporating new causal laws
into an existing action description, that takes into account the constraint formulas
to be satisfied in the end. We thus take here the stance that the causal laws, which
have been designed by the user or the knowledge engineer, are to be modified,
while constraint formulas are not subject to change (they might capture indisputable
properties of the domain); a violation of constraints might be tolerated, though, if
indicated by the user. Our main contributions can be summarized as follows:

(1) We introduce a formal notion of an action update problem, which is, given
action descriptions D and [, and a set C' of constraint formulas, to determine a

4 Note the conceptual difference between (C) and (TV2): (C) expresses an executability
condition, whereas (TV2) captures a causal relationship.



(possibly new) action description D’ which incorporates [ into D. While D and
I are in (a canonical subset of) C, we describe conditions like (C) and scenarios
like (S) by “constraints” using formulas from an action query language, similar to
the one in [30]. In a more fine-grained treatment, D is split into an unmodifiable
part, D, and a modifiable part, D,,, while C'is split into obligatory constraints, C,,
(which must hold under all circumstances) and preference constraints, C,, (which
ideally should hold, but might be violated).

A solution to an action update problem is then defined in terms of an action de-
scription D’ that consists of / and statements from D such that C,, is satisfied by
D’; as, in general, different candidates D’ are possible, we use a (strict) preference
relation C ¢ over action descriptions ® in order to discriminate amongst alternatives
and to single out a most preferable candidate D’ as the result. Here the subscript
¢ indicates that the preference relation is possibly dependent on the set C' of con-
straints. Such a preference relation can be defined in different ways, in terms of
syntactic conditions (e.g., the set of causal laws in an action description), or se-
mantic conditions (e.g., the presence or absence of paths in the transition diagram).

(2) We investigate semantic properties of action updates, and establish some ba-
sic properties regarding solution preference, and special forms of updates, which
serve as tests for the suitability of the notions proposed. We furthermore determine
conditions under which computing a solution to an action update problem can be
structurally decomposed, such that a divide-and-conquer approach becomes feasi-
ble. In particular, this is possible if the action description and the constraints can be
split into disjoint parts that interfere in a benign way, and if the preference ordering
can be gracefully decomposed along this split.

(3) We study the computational complexity of the action update problem, where
we consider the generic setting (making some assumptions about the cost of de-
ciding whether the constraints C' are satisfied by an action description D, denoted
D [ C, and whether D C D’ holds given D and D’), as well as some natural
instances. Among the latter are those where the preference relation ¢ is ordinary
set-inclusion and where it is weight-based relative to satisfied constraints. Under
the assumption that testing D = C' and D C¢ D' is feasible in polynomial space,
deciding the existence of some solution to an action update problem turns out to
be PSPACE-complete in general, and also verifying a given solution candidate
has this complexity. However, the complexity of both problems falls back into the
polynomial hierarchy, if deciding D |= C and D C D’ is located there, and is
located at most one level higher up there; we recall here that deciding the consis-
tency of an action description in C is intractable in general (and NP-complete for
the canonical fragment of our concern). Given that the test D = C'and D C¢ D' is
polynomial, deciding solution existence is NP-complete and thus not harder than
the consistency problem, and recognizing a given solution is only mildly harder.

(4) We discuss methods for computing solutions and “pre-solutions” which ap-
proximate them, by disregarding solution preference. As for solutions, we focus

® That is, Cc is irreflexive and transitive.



on set-inclusion and one particular weight-based comparison, as preference rela-
tions ¢, which use an oracle for pre-solutions. For pre-solutions, we present a
method that reduces the problem into reasoning over an action description that is
constructed from the problem input; here, evaluating constraint formulas can be
exploited to test given candidates.

(5) Finally, we show the applicability of our algorithm based on the computation
of pre-solutions, and the usefulness of the theoretical results on the decomposability
of the update problem, in the context of the Zoo World, which is an action domain
proposed by Erik Sandewall in his Logic Modelling Workshop. ¢ The Zoo World
consists of several cages and the exterior, gates between them, and animals of sev-
eral species, including humans, and its actions include moving within and between
cages, opening and closing gates, and mounting and riding animals; a description
of this domain in the action language C+ was given in [1].

Our results go significantly beyond previous results in the literature (see Section 8.1),
and provide a semantic and computational basis for developing systems that in-
corporate new information into action descriptions in an action language, in the
presence of further constraints that can be expressed as formulas to be entailed by
the updated description. Our generic framework can be instantiated to different set-
tings, which reflect different intuitions or criteria for solution preference. It thus
provides a flexible tool for modeling action update. As a byproduct, we obtain de-
composition results of action descriptions that emerge from special cases of action
update instances, which are interesting in their own right.

The rest of this paper is structured as follows. In the next section, we provide pre-
liminaries about transition diagrams, action languages, and constraint formulas as
needed for the problem setting. After that, we define in Section 3 the update prob-
lem in a generic framework and briefly introduce a syntactic and a semantic in-
stance of it. In Section 4, we study some semantic properties of updates, including
possible decompositions. After that, we turn to computational issues. In Section 5,
we characterize the computational complexity of problems around updates, and in
Section 6 we provide algorithms for computing updates. Example applications in
the Zoo World are considered in Section 7. After a discussion of related work and
further aspects of the problem in Section 8, we conclude with a summary and issues
for further research.

2 Preliminaries

We describe action domains and the updates in an action description language, a
fragment of C [32], by “causal laws.” Therefore, in the following, first we describe

6 http://www.ida.liu.se/ext/etai/lmw/



}fushPBRc} (PushPBrv} {PushPBR{c}}
@ {PushPBry, PushPBrc} @
PowerON - PowerON
TvON ~TvON

{PushPBrv, PushPBrc}
{PushPBTv}

Fig. 1. A transition diagram

the syntax and the semantics of the action description language, which is defined
by means of “transition systems.”

While updating an action domain description, we sometimes would like ensure that
the updated description entails some conditions or scenarios. Most of the time such
scenarios or conditions are not expressible in the action language. We describe
them as constraints using formulas from an action query language, like the one
in [30]. Therefore, we also describe the action query language we use, and define
satisfaction of a constraint by an action domain description.

Finally, we give sample constraints that are useful in action updates but cannot be
represented in the action description language. We also discuss and emphasize the
necessity of a query language in addition to the description language.

2.1 Transition Diagrams

We start with a (propositional) action signature that consists of a set F of fluent
names, and a set A of action names. A literal is an expression of the form P or
- P, where P is a fluent name. An action is a truth-valued function on A, denoted
by the set of action names that are mapped to ¢. Thus, action names represent basic
(atomic) actions, while a (compound) action is identified with the basic actions
taking place at the same time, providing an intuitive representation of both, atomic
and concurrent, actions.

Definition 1 ([30]) A (propositional) transition diagram of an action signature L =
(F, A) consists of a set S of states, a functionV : F xS — {f,t}, and a subset R C
S x 22 x S of transitions. We say that V (P, s) is the value of P in s. The states s’
such that (s, A, s') € R are the possible results of the execution of the action A in
the state s. We say that A is executable in s if at least one such state s’ exists; and
that A is deterministic in s if there is at most one such s'.

A transition diagram can be thought of as a labeled directed graph. Every state s is
represented by a vertex labeled with the function P — V(P, s) from fluent names
to truth values. Every triple (s, A, s') € R is represented by an edge leading from s



caused PowerON after PushPBry N ~PowerON
caused —~PowerON after PushPBry N PowerON
caused TvON if PowerON

caused - TvON if = PowerON

inertial PowerON, - PowerON, TvON,—~TvON

Fig. 2. An action description for Ky

caused TvON after PushBrc N\ PowerON A ~TvON
caused - TvON after PushBrc N TvON

Fig. 3. Causal laws for K¢

to s’ and labeled A. An example of a transition diagram is shown in Figure 1.

2.2 Action Description Languages
We consider the prime subset of the action description language C [32] that consists
of two kinds of expressions (called causal laws): static laws of the form

caused L if G, 4)

where L is a literal and G is a propositional combination of fluent names, and
dynamic laws of the form

caused L if GG after H, ®))

where L and G are as above, and H is a propositional combination of fluent names
and action names. In (4) and (5) the part if G' can be dropped if G is True.

An action description is a set of causal laws. For instance, the knowledge base
about a TV system, D, of the agent in the previous section, can be described by
causal laws in Figure 2. An expression of the form

inertial L., ..., L, (6)
stands for the causal laws

caused L, if L, after L, (1<i<k)

describing that the value of the fluent L; stays the same unless changed by an action.



The meaning of an action description can be represented by a transition diagram.
Let D be an action description with a signature £ = (F, A). Then the transition
diagram (S, V, R) described by D, denoted by T'(D), is defined as follows:

(i) S is the set of all interpretations s of F' such that, for every static law (4) in D,
s satisfies G D L,
(ii) V(P,s) = s(P),
(iii) R is the set of all triples (s, A, s’) such that s’ is the unique interpretation of
F which satisfies the heads L of all

e static laws (4) in D for which s’ satisfies G, and
e dynamic laws (5) in D for which s’ satisfies G and s U A satisfies H.

The laws included in (iii) above are those that are applicable to the transition from
s to s’ caused by executing A: the static causal laws make sure that s’ is a state, and
handles the ramifications and the qualifications of A; whereas the dynamic causal
laws handle the preconditions and the direct effects of A.

Action language C is based on the “principle of universal causation”, according to
which every fact that obtains is caused. In the definition above, the condition that s’
is the only interpretation satisfying the heads of the applicable causal laws ensures
this. For instance, the transition diagram described by the action description for
Ky in Figure 2 is presented in Figure 1. Consider the transition ({—=PowerON,
—~TvON}, { PushPBrv },{ PowerON, TvON }). The causal laws that are applica-
ble to this transition are

caused PowerON after PushPBry N\ - PowerON
caused TvON if PowerON.

Here { PowerON, TvON } is the only interpretation that satisfies the heads of these
causal laws, i.e., { PowerON, TvON }.

Now consider the triple ({ = PowerON, = TvON },{}, { PowerON, TvON }). There
is only one of the two causal laws above applicable to this triple, viz. the second.
There are two interpretations that satisfy the head of this causal law: { PowerON ,
TvON } and {—PowerON, TvON }. In other words, no causal law provides a causal
explanation for PowerON . Therefore, this triple is not a transition.

We say that an action description is consistent if it can be represented by a transition
diagram with nonempty state set.

In the following, we suppose that an action description D consists of two parts:
D,, (unmodifiable causal laws) and D,, (modifiable causal laws). Therefore, we
sometimes denote an action description D as D, U D,,.



2.3  Why Action Languages?

In this work, we consider action languages to formalize action domains. There are
several reasons for this decision.

First of all, action description languages, like C, are quite expressive to easily han-
dle nondeterminism, concurrency, ramifications, defaults, qualifications, state con-
straints, etc. For instance, we can express that tossing a coin may lead to Heads or
Tails by the causal laws

caused Heads if Heads after Toss

caused —~Heads if —Heads after Toss.

Concurrency is allowed unless no qualification constraint is violated or unless ex-
plicitly stated otherwise by a causal law like

caused Fulse after MoveRight A MoveLeft.

The commonsense law of inertia is immediately expressed by causal laws of the
form (6). A direct effect of turning on the power is that the power is on; a ramifi-
cation of turning on the power is that TV is on. We can express such a ramification
by the causal law

caused TvON if PowerON.

We can describe that a spring-loaded door is by default closed by the causal laws:
caused Open if Open.

Second, there are reasoning systems, like CCALC and DLV, that accept domain
descriptions in an action language, like C or K respectively, and allow various kinds
of reasoning tasks over these descriptions.

Third, there is a large amount of theoretical and application-oriented work on action
languages, including our earlier work on planning and monitoring. On the other
hand, as discussed briefly in the introduction, the update problem was studied to
a remarkably little extent in the context of action languages. This paper not only
extends our earlier work to take updates into account but also fulfills the need for a
general approach to updates in action languages.

2.4  Expressive Constraints

Once we describe an action domain, we may want check whether this domain de-
scription entails some observations of the world, assertions about the effects of the
execution of actions, or even some scenarios. Similarly as in [18], we express such

10



conditions as constraints using formulas from an action query language, like the
one in [30]. After that, we can check whether a given action description satisfies
a given constraint using reasoning systems, e.g. CCALC (cf. the examples in Ap-
pendix C).

Now constraint formulas are formally defined as follows. *
An open constraint is either (a) a static constraint of the form
holds F, (7)
where F' is a fluent formula, or (b) a dynamic constraint of the form
necessarily () after A,;...; A,, (8)

where () is an open constraint and each A, is an action;® or (c) any propositional
combination of open constraints. An existential constraint is an expression of the
form

SOMETIMES @), )

where () is an open constraint; a universal constraint is of the form
ALWAYS Q, (10)

where () is an open constraint. A constraint q is a propositional combination of
existential constraints and universal constraints.

For an open constraint ¢, its maximal nesting depth of dynamic constraints k is de-
fined inductively as follows. If ¢ is a static constraint, then k£ = 0; if q is a dynamic
constraint of the form (8), then k = k¢ + 1, where k¢ is the maximal nesting depth
of dynamic constraints in (); if ¢ is a Boolean combination of open constraints,
then £ is a maximal element from the set of maximal nesting depths of dynamic
constraints of its subformulas. This definition is easily extended to (general) con-
straints. For an existential (universal) constraint of the form (9) (resp. of the form
(10)), its maximal nesting depth of dynamic constraints is k¢, i.e., the maximal
nesting depth of dynamic constraints in (). For a propositional combination of ex-
istential and universal constraints, its maximal nesting depth of dynamic constraints
is a maximal element from the set of maximal nesting depths of dynamic constraints
of its subformulas.

As for the semantics, let T = (S, V, R) be a transition diagram, with a set S of
states, a value function V' mapping, at each state s, every fluent P to a truth value,

7 1In action query languages, “constraints” as here etc. are called “queries;” the former term
is more appealing here as satisfaction is required.

8 This amounts to [Q]A1;...; Ay in dynamic logic [37]; however, we stick here to the
commonly used syntax of action queries.
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and a set R of transitions. A history of T' of length n is a sequence
5071417817"'781171714117371 (11)

where each (s;, A;11, s;41) (0 < i < n)isin R. We say that a state s € S satisfies an
open constraint )’ of form (7) (resp. (8)) relative to 7' (denoted 7', s = @), if the in-
terpretation P — V (P, s) satisfies I’ (resp. if, for every history h = s¢, Ay, s1, .. .,
Sn—1, An, sp, of T which is of length n and such that s = s(, open constraint () is
satisfied at state s,,). For other forms of open constraints (), satisfaction is defined
by the truth tables of propositional logic. If 7" is described by an action descrip-
tion D, then the satisfaction relation between s and an open constraint () can be
denoted by D, s = () as well.

Note that, for every state s and for every fluent formula F/,
D,s Eholds F' <= D,s |= —holds —F.

For every state s, every fluent formula F', and every action sequence Ay, ..., A,
(n>1),if
D, s |= necessarily (holds ') after A;;...; A,

then
D, s = —mecessarily (—holds F') after A;;...; A,.

We say that D satisfies a constraint ¢ (denoted D |= ¢) if one of the following
holds:

e ¢ is an existential constraint (9) and D, s |= @ for some state s € S
e ¢ is a universal constraint (10) and D, s |= @ for every state s € S,
e ¢=—¢ and D [~ ¢;

e g=q1 ANgand D |= g and D |= go; or

e g=q1Vgand D Eq or D E ¢.

For every open constraint (),

D = SOMETIMES Q iff D = -ALWAYS —Q.
For a set C' of constraints, we say that D satisfies C' (denoted D}=C") if D satisfies
every constraint in C'. Consider, e.g., the action description presented in Figure 2.
It does not satisfy any set of constraints containing

ALWAYS necessarily (holds —7TvON) after { PushPBgr¢}

because this constraint is not satisfied at the state { TvON, PowerON }; but, it sat-
isfies the constraints:

12



ALWAYS holds PowerON = TvON, (12)

ALWAYS holds PowerON A TvON D
—necessarily (holds TvON) after { PushPBy }.

(13)

In the rest of the paper, an expression of the form
possibly Q after A;...; A,,

where () is an open constraint and each A; is an action, stands for the dynamic
constraint
—necessarily —(Q) after A;;...; A,;

an expression of the form
evolves Fo; A Fy; ... F,_1; Ay Fy,
where each F; is a fluent formula, and each A4, is an action, stands for
holds Fy A possibly (holds F; A possibly (holds F; A ...) after A,) after A;;

and
executable A;...; A,

where each A; is an action, stands for
possibly True after Aq;...; A,.

We sometimes drop holds from static constraints appearing in dynamic constraints.

2.4.1 Examples

To get a better intuition about the capability of constraints, we give some examples
of properties that can be expressed by them.

e Existence of certain states, transitions, and histories: For instance, we can ex-
press the existence of states where a formula /" holds by means of the constraint

SOMETIMES holds F.

Similarly, we can express the existence of a transition from some state where a
formula F' holds to another state where a formula F” holds, by the execution of
an action A:

SOMETIMES holds I A possibly F’ after A.

In general, the existence of a history (11) such that, for each s; of the history,
the interpretation P — V' (P, s;) satisfies some formula F; is expressed by the

13



constraint:
SOMETIMES evolves Fy; Ay; ;... Fyq; Ans B
For instance, the constraint

SOMETIMES evolves PowerON;{PushPBry };
—PowerON;{ PushPBry }; PowerON .

describes the presence of the following history in Fig. 1:

{PowerON, TvON },{PushPBrvy },
{=PowerON,—~TvON },{ PushPBrv },{PowerON, TvON }.

e (Non-)executability of an action: Like in [16], executability of an action sequence
A1, ..., A, (n > 1) at every state can be described by

ALWAYS executable A;;...; A,.
That no action is possible at a state where formula F' holds is expressed by
SOMETIMES holds I A /\ | _ , necessarily False after A.

e Mandatory and possible effects of actions: Like in [16], mandatory effects of a
sequence Ay, ..., A, (n > 1) of actions in a given context are described by

ALWAYS holds G D necessarily F after A;...; A,;
and possible effects of a sequence of actions in a context by
ALWAYS holds G D possibly F' after A;;...; A,.

In these constraints, F' describes the effects and (G the context.

2.4.2 Constraints vs. Causal Laws

In all action languages [30], queries have been expressed in a language different
from the action description languages. As we consider constraints as queries that
evaluate to true, it may look suggestive to merge causal laws and constraints into
a single set of formulas that constitute an action description. However, constraints
and causal laws are conceptually different: causal laws are axioms that describe
action domains in a generative manner (in particular, in action language C via cau-
sation), whereas constraints express conditions (which may also refer to time steps)
that we would like to ensure about an action domain; they thus serve for eliminating
unwanted models. In other words, constraints restrict the possibilities for an action
description, but they are non-constructive in the sense that they do not causally

14



generate transitions. The latter however is at the heart of C and many other action
languages: each edge (s, A, s’) in the transition diagram is causally explained (or
“generated”), meaning that the follow up state s’ is uniquely described by the liter-

als in heads of the causal laws that “fire”, i.e., the causal laws that are applicable to
(s, A, s").

For instance, if the action description consists of the only causal law
caused G after A, N F,

where every fluent is inertial, then the transition diagram has the edge ({F, -G},
{A1},{F,G}), i.e., we can get from the state s = {F, =G} to the state s’ = {F, G}
with the occurrence of the action {A; }. However, the transition diagram does not
have the edge (0, {A;}, {F,G}). If instead of the causal law above, we consider
the constraint

ALWAYS holds F' D necessarily G after A;;

which is similar to the causal law, then both ({ F, =G}, {A1}, {F,G}) and (0, { A, },
{F,G}) would be included in the transition diagram (since F is false wrt. s = (),
the implication is true).

Although in some cases a constraint may be expressed by an equivalent causal law
(or multiple such laws), this is not always the case. Moreover, the meaning of a
set of causal laws is described by a set of nodes and a set of edges that form a
transition system, where each of these edges expresses a causal relationship (which
generates the edge), whereas roughly speaking, the meaning of a constraint is de-
scribed by a set of paths in the transition diagram without such a causal relation.
In other words, constraints might describe conditions characterizing subgraphs of a
transition diagram. Consequently, some constraints cannot be expressed as causal
laws, for instance “existential constraints” like the constraint

SOMETIMES possibly [ after A,

the constraint (21), and similar constraints in Section 2.4.1. They can not be ex-
pressed via causal laws, as the latter are inherently universal statements. Also “uni-
versal” constraints like

ALWAYS (possibly £ after A) A (possibly —F after A)

(which implicitly enforce existence of causal transitions) are difficult to express via
causal laws. Another aspect is that constraints allow us to talk about sequences of
actions, while causal laws do not.

Due to the syntactic and the semantic differences between causal laws and queries,
the reasoning systems (like CCALC) based on action languages also have different
syntax for query formulas (cf. Appendix C); hence a difference in practice as well.
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For instance, in reasoning systems, queries can be used to describe reasoning tasks
(like temporal projection or planning) about a given action domain.

Although there are some formalisms (like situation calculus as in [60], dynamic
logic as in [37], or answer set programming as in [48]) that can be used to describe
both axioms and constraints, a distinction between formalisms to express axioms
and constraints is not unusual in other areas either. Consider, for instance, the de-
scription of a circuit in propositional logic and the conditions we want to check
about this circuit that are expressed in a temporal logic [25]. Also, consider on-
tologies described in ontology description languages (like RDF), and constraints
described in ontology query languages (like SPARQL).

The differences between causal laws and query formulas also affect the computa-
tional efficiency of reasoning systems. For instance, given a domain description and
a query, CCALC checks whether the query is entailed by the domain description as
follows:

(1) it transforms the causal laws into a propositional theory I'p,

(2) it transforms the negated query into a propositional theory I'p,

(3) it checks whether I'p U I'p is satisfiable;

(4) if I'p U I'p is unsatisfiable, it returns Yes;

(5) otherwise, it returns No and presents a counter example extracted from a sat-
isfying interpretation for I'p U I'p.

The transformations in the first two steps are different: the one in 1) is based on
literal completion, whereas the one in 2) is based on a simpler procedure (see [31]
for a detailed description). Such a difference allows one to check the entailment of
other queries without executing the first step again. If we had described a constraint
by means of causal laws, then in general we would have to transform the union of
the causal laws and the constraint into a propositional theory; for large domain de-
scriptions, like the Zoo World, such a bulk transformation would lead to inefficient
computations.

3 Problem Description

In this section, we provide a formal description of the update problem, and its solu-
tion, as well as a weaker form of solution, called pre-solution. The basic problem is
a theory change problem, i.e., a problem of incorporating new information into an
existing stock of knowledge (cf. Sections 4.2 and 8.2 for more detailed discussions
of relations to well-known work in this area). Since we study the incorporation
problem in the context of an action language, we consider single causal laws as the
atomic entities that are subject to change (for a discussion how to refine this further,
see Section 8.3). In addition to causal laws for incorporation, the new information
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may contain constraints that characterize intended properties of the change (reasons
for the distinction between causal laws and constraints have been discussed in the
previous section). Concerning solutions of the problem, we aim at keeping the size
of the search space practically reasonable, as well as at building on natural analo-
gies with change operators developed in other areas of database or Al research (cf.
[67,61,57] and references therein).

Informally, we define an Action Description Update (ADU) problem by an action
description D = D, U D,,, a set I of causal laws (a partial action description), a
set C' = C, U C,, of constraints, and a preference relation T over action descrip-
tions. Here D, and D,, are the unmodifiable (protected) and the modifiable part
of D, respectively, and [ is the update that has to be incorporated. The constraints
in C, are “hard (obligatory) constraints” that have to be satisfied in an acceptable
action description, while the constraints in C), are “soft (preference) constraints”
that might be accounted for by the preference relation C¢. In the latter, D "¢ D’
expresses that D is less preferable compared to D',

Definition 2 (Action Description Update) Given an action description D = D, U
D, a set I of causal laws (a partial action description), a set C' = C, U C,, of con-
straints, and a preference relation ¢ over action descriptions, all over the same

signature L, an action description D’ accomplishes an (action description) update
of D by I relative to C, if

(i) D' is consistent,
(ii) D,UlI C D CDUI,
(iii) D' = C,
(iv) there is no consistent action description D" such that D, Ul C D" C DU,
D"E=C, and D' Co D".?

Such a D' is called a solution to the ADU problem (D,I,C,C¢). If an action
description D' satisfies (i)—(iii), then we call D' a pre-solution to the ADU problem
(D ) I ) C, Lo )

Condition (i) expresses that an action description update, modeling a dynamic do-
main, such as the TV system in Section 1, must have a state. According to Con-
dition (ii), new knowledge about the world and the invariable part of the existing
action description are kept, and the causal laws in the variable part are considered
to be either “correct” or “wrong”, and in the latter case simply disposed.

Condition (iii) imposes semantical constraints C,, on D’, which comprise further
knowledge about the action domain gained, e.g., from experience. It is important to
note that C' can be modified later for another action description update (as will be
discussed below).

9 Note that soft constraints C), are used implicitly in this definition, since the preference
relation C ¢ is one in which C' = C, U C, is explicitly known as parameter.
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Finally, Condition (iv) picks the most preferred action description among the ones
for which Conditions (i)—(iii) are satisfied.

In an ADU problem, the preference relation can be described in various ways. For
instance, it can be defined in terms of syntactic conditions, like simple set inclusion.
If we define " to be C, then an action description D is less preferable than an
action description D" if D C D'. Alternatively, the preference relation ¢ can be
defined in terms of semantic conditions. For instance, once a weight is assigned to
each action description with respect to some semantic measure (e.g., the number
of certain paths present in the transition diagram of the description) by a function
weight, we can take C¢ to be an operator <, comparing the weights of the
action descriptions; then an action description D is less preferable than an action
description D" if D <,iene D'

In the literature, two kinds of changes that incorporate new information into a
knowledge base have been identified, viz. revision (which adds more precise knowl-
edge about the domain) and update (which is a change of the world per se) [66],
which should be governed by different sets of postulates in axiomatic approaches
like the AGM theory [2] and the KM theory [39]. Our notion of ADU has more
of a revision flavor, but we do not govern it with AGM or KM postulates, as the
formalism does not satisfy the prerequisites; see Section 8.2 for more discussion.
However, the constraints C' can be adjusted if the nature of the change [ is known.
In case of a revision, C' should reasonably contain all conditions corresponding
to observations made about the domain, while other conditions may be kept or
dropped; on the other hand, if [ is a change of the world per se, then conditions
corresponding to observations might be dropped.

Eventually we remark that, in descriptive domains, like physical domains, one
might carry out tests and collect respective results (observations) in order to find
out erroneous causal laws. In this case, the update problem would be rather viewed
as a diagnosis problem. Note however, that such an approach hinges on the possibil-
ity to make observations for learning causal relationships. In contrast, our approach
is intended to also allow for normative (artificial) worlds modeled as action descrip-
tions (e.g., agent systems, games, protocols), where the world is designed, rather
than perceived. In such domains, and likewise for physical worlds that are not ob-
servable (where one is impeded to make observations for whatever reason), it is not
feasible to treat the update problem as a diagnosis problem.

3.1 Examples
The following is an example of an ADU problem with the syntax-based preference
relation above.

Example 1 Let D be the action description for K7y in Figure 2,i.e., D = D,UD,,
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{PUShPBRc}

PUShPBTV
it @ {Push{PBTV, Push}PBRc} {
/—\

PowerON - PowerON
TvON -TvON

{PushPBrv, PushPBrc}
{PushPBTv}

Fig. 4. Transition diagram described by D U I of Ex. 1.

with

D, = { caused PowerON after PushPBry N\ ~PowerON,
caused - PowerON after PushPBry N\ PowerON,
inertial PowerON, —~PowerON, TvON,—~TvON '}

and D,,, = {caused TvON if PowerON, caused = TvON if = PowerON }, and let
I be the set of causal laws for K i in Figure 3:

caused TvON after PushPBrc N\ PowerOn AN = TvON,
caused - TvON after PushPBrc N TvON.

Furthermore, let C' = C,, contain besides constraints (3) and (13):

ALWAYS executable { PushPBr¢},
ALWAYS holds PowerON A TvON D
—necessarily (holds TvON) after { PushPBry },

also the constraint
ALWAYS executable { PushPBrvy }, (14)

and take (strict) set-inclusion (C) as the preference relation . The transition
diagram described by D U I is shown in Figure 4. Here we can see that, at the state
where both PowerON and TvON are mapped to ¢, the action PushPBgr¢ is not
executable. Therefore, D U [ is not a solution to the ADU problem (D, I, C, C¢).
In fact, a solution is obtained by dropping the static law (2), i.e., caused TvON
if PowerON, from D U 1. O

For an instance of a semantic definition of ¢, consider the following setting based
on weights that are assigned to constraints on C' (i.e., weighted constraints in [18]).
We define the weight of an action description D relative to a set C' of constraints,
and a weight function f : C' — R mapping each constraint in C' to a real number
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by
weight, (D) = ZCQQD):C f(e).

Intuitively, the weight of an action description defined relative to the weights of
constraints encodes to what extent the set C' of given preferable constraints is satis-
fied. (Note that f can easily express a threshold function as well.) With this defini-
tion, the more the highly preferred constraints are satisfied, the more preferred the
action description is.

Example 2 Reconsider our previous example where (), consists of the constraint (13)
with weight 1:

ALWAYS holds PowerON A TvON D
—necessarily (holds TvON) after { PushPBry },

Suppose that the preference relation [ is defined in terms of a weight function
on constraints (i.e., Co = <yweight,)- Then, the action descriptions D' = (D U I) \
{caused TvON if PowerON} and D" = D, U I satisfy C, and thus are pre-
solutions. However, D" does not satisfy C),, which implies weight,(D") = 0,
whereas weight,(D') = 1, and hence D" "¢ D'.

For further details on comparing action descriptions by means of weighted con-
straints and other semantic preferences, we refer the reader to [18].

In the rest of the paper, we will study ADU problems at an abstract level, leaving the
preference relation undefined. For some problems, we will provide more concrete
results by instantiating the preference relation: we will take C¢ as C (and C), = 0,
thus C' = C,) for an instance of a syntax-based relation, and we consider C¢ =
<iweight, aS @ representative of the semantic-based approaches.

4 Properties of Updates

In this section, we study some basic properties of solutions to an ADU problem.
To this end, we first introduce a subsumption relation between action descriptions,
and then show that solutions to an ADU problem fulfill some desired properties
regarding special updates, provided that the preference relation T obeys some
natural conditions. We then consider the structure of solutions and pre-solutions,
and establish a disjoint factorization result that allows decomposing an ADU into
smaller parts.

20



4.1 Basic Update Properties

We define subsumption of causal laws by an action description as follows.

Definition 3 (Subsumption) Letr D be an action description over a signature L =
(F, A). Then,

e a static law (4) over L is subsumed by D, if for every state s in T(D), the
interpretation of ¥ describing s satisfies G O L;

e a dynamic law (5) over L is subsumed by D, if for every transition (s, A, s') in
T(D), the following holds: if the interpretation of F U A describing s and A
satisfies H, then the interpretation of F describing s’ satisfies G O L.

A set S of causal laws is subsumed by an action description D, if every law in S is
subsumed by D.

Furthermore, we build on the properties of a preference relation ¢ introduced
next.

In the following, for an action description D and a set C' of constraints, let us denote
by Cptheset {c € C' | D = c}.

Definition 4 Given a set of constraints C over a signature L = (F, A), a prefer-
ence relation C ¢ over a L is called

e monotone with respect to C, if for any two action descriptions D and D' in
L, Cpr C Cp implies D [ D', and strongly monotone with respect to C, if
additionally Cp C Cp implies D' "¢ D;

e monotone with respect to L, if for any two action descriptions D and D' in
L, D' C D implies D [/c D', and strongly monotone with respect to L, if
additionally D' C D implies D' Ce D;

e non-minimizing with respect to L, if for any action description D in L, D = C
implies D (/¢ D' for all D' C D, and strongly non-minimizing with respect to
L, if additionally D = C implies D' "¢ D for all D' C D.

We say that C - is monotone, if it is either monotone with respect to C' or monotone
with respect to £ (or both).

Monotonicity is an intuitive potential requirement one might have on a preference
relation: monotonicity with respect to C' encodes the semantically motivated prefer-
ence of satisfying preferable constraints as much as possible, whereas monotonicity
with respect to £ expresses a more syntactic view of retaining as many causal laws
as possible. This is reflected in our representative preference relations. Notice that
C is strongly monotone with respect to £ (but not necessarily with respect to C'),
whereas Zuweight, is monotone with respect to C'if, for instance, all weights are non-
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negative (but not necessarily with respect to £).

Obviously, any monotone preference relation is also non-minimizing with respect
to £, and strong monotonicity with respect to £ implies that C is also strongly
non-minimizing with respect to L. Intuitively, a non-minimizing preference rela-
tion with respect to £ ensures that syntactically smaller (with respect to subset
inclusion) action descriptions cannot prevent an action description that satisfies all
constraints from being a solution, while the respective strong property explicitly ex-
cludes syntactically smaller action descriptions as solutions in this case (note that
the additional condition implies the condition of non-minimizing, and could serve
as a definition alone). This intuition motivates basic properties of solutions to an
ADU problem as follows.

Proposition 1 (Subsumption) Ler (D, I,C,C¢) be an ADU problem, such that
Cc is non-minimizing with respect to L, D is consistent and D = C. If D sub-
sumes I, then D U I is a solution to (D,I,C,C”¢). Moreover if C¢ is strongly
non-minimizing with respect to L, then D U I is the unique solution.

Proof. Let D = D, UD,, andlet T'(D) = (S,V, R). Since DUI = D, UIUD,,
trivially satisfies (ii) of our definition of update accomplishment, it remains to show:
(i) DUI is consistent, (iii)) DUI |= C,, and (iv) forevery D', D, Ul C D' C DUI
and D' = C,implies DU I £ D'.

Let T(DUI) = (S, V', R'). In the following we prove that 7'(D U ) = T'(D).

S’ = S:Since D C DUI, we get S’ C S. Furthermore, D subsumes / and, hence,
every s € S satisfies G D L for all static laws of form (4) in I, i.e., S C 5.

V' = V: Follows from S’ = S and our labeling convention for states.

R = R: Let (s,A,s') be a candidate for a transition relation, R, of an action
description, D, if (a) s satisfies the heads L of all static laws of form (4) in D,
for which s satisfies G, and (b) s satisfies the heads L of all dynamic laws of
form (5) in D, for which s’ satisfies G and s U A satisfies H. Furthermore, let s’
be a determined successor of s w.r.t. A, if the set of heads of all laws applicable to
(s, A, s") uniquely determines s’, i.e., it contains (at least) one fluent literal for every
fluent in F. Then, (s, A, s’) € R iff it is a candidate for R and s is a determined
successor of s with respect to A. Since D C D U I, every candidate (s, A, s’) for
R’ is a candidate for R. Moreover, that D subsumes / implies that every candidate
(s, A, s') for R is a candidate for R’ as well. As (s, A, ') is neither in R nor in R,
if s’ is not a determined successor of s with respect to A it follows that R’ = R.

Given that D is consistent and that D = C, T'(D U I) = T(D) proves (i) and (iii).
As for (iv), D |= C and T" = T implies D U I |= C. Since ¢ is non-minimizing
with respect to L, it follows for all D, Ul C D' C DU I, that DUI (/o D,
which proves (iv). Therefore, D U I is a solution to (D, I, C, C¢). Moreover, if

22



C ¢ is strongly non-minimizing with respect to £, then D’ T D U [ holds for all
D,UI C D' C DUI. This implies that DU/ is the unique solution to (D, I, C, C¢)
in this case. O

From this result, we obtain the following corollaries telling us that the solution to
an ADU is as we would expect in some extremal cases, that correspond to cases
that were considered for nonmonotonic logic programming updates [5,20].

Corollary 1 (Void Update) Ler (D,(),C,C¢) be an ADU problem. If C¢ is non-
minimizing with respect to L, D is consistent, and D |= C, then D is a solution to
(D,0,C, o). If Ce is strongly non-minimizing with respect to L, then D is the
unique solution.

Corollary 2 (Idempotence) Let (D, D,C, ) be an ADU problem, such that C ¢
is non-minimizing with respect to L, D is consistent, and D |= C, then D is the
unique solution to (D, D,C,C¢).

Note that Void Update and Idempotence can easily be extended to cases where
I C D: given that D is consistent and D |= C, it holds that D is a solution if C¢ is
non-minimizing; for strongly non-minimizing ¢, it is the unique solution.

Let us call a causal law tautological, if it is subsumed by every action description
D. Informally, such a causal law has no logical content, and updating with it should
not lead to any change. In fact we have the following property.

Corollary 3 (Addition of Tautologies) Ler (D, I,C,C¢) be an ADU problem, such
that C ¢ is non-minimizing with respect to L, D is consistent, and D = C. If I con-
sists of tautological causal laws, then D U [ is a solution to (D, 1,C,C¢). If Co is
strongly non-minimizing with respect to L, then D U [ is the unique solution.

Notice that a similar property fails for logic programming updates as in [5,20].

Example 3 Consider an action description D that has the following causal laws:

inertial LightON ,—LightON,
caused LightON after SwitchLight A = LightON,
caused —LightON after SwitchLight N\ LightON.

Since D is consistent and C is strongly non-minimizing, we can state for any set
C of constraints, such that D |= C: D is the unique solution to (D, ), C, C) (void
update), as well as to (D, D, C, C) (idempotence), and to (D, D', C, C) for any
tautological action description D’ (addition of tautologies).

Considering Zueight, with nonnegative weights for any constraint ¢ € C' instead of
C as a preference relation (which is non-minimizing), we can still infer that D’ is a
solution, in general however, it need not be unique. O
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4.2 Postulates of Belief Change

In the literature, two kinds of changes have been identified with the incorporation
of new information, viz. revision (which adds more precise knowledge about the
domain) and update (which is a change of the world per se) [66]. Despite the nature
of change, a distinction is made whether beliefs are represented by a theory, i.e.,
by a logically closed set of sentences, or through a theory base (knowledge base),
i.e., a finite representation of a theory [33]. Ideally, operators for the different kinds
of belief change are characterized by different sets of axioms or postulates like the
AGM theory [2] for belief revision and the KM theory [39] for belief base update.

Fitting our approach in this context, we first observe that a common basic assump-
tion of the different belief change postulates is that beliefs are sentences from a
given logical language which is closed under the standard Boolean connectives; this
is not the case for action languages. In order to evaluate our approach in the style
of AGM, or KM respectively, it is thus necessary to interpret and adapt respective
postulates. We note, however, that additional assumptions of the AGM theory re-
garding the underlying inference relation, that it satisfies super-classicality, modus
ponens, the deduction theorem etc. (cf. [57]), are inapplicable.

Since an action description constitutes a finite representation of a theory about an
action domain, our update approach has to be classified as operating on belief bases.
Let us briefly recall the KM postulates for belief base update: 1

(Ul) KB ¢ ¢ implies ¢.

(U2) If KB implies ¢, then KB ¢ ¢ = KB.

(U3) If both KB and ¢ are satisfiable, then KB * ¢ is satisfiable.

(U4) If KB, = KBs and ¢ = ¢, then KB © ¢p1 = KB3 ¢ ¢s.

(US) (KB < gbl) VAN gbg 1mphes KB o (¢1 VAN gbg)

(Ue6) If KB ¢ ¢, implies ¢ and KB ¢ ¢, implies ¢, then KB ¢ ¢; = KB ¢ ¢s.
(U7) If KB is complete, then (KB ¢ ¢1) A (KB ¢ ¢o) implies KB ¢ (¢1 V ¢2).
(U8) (KByV KBs)o¢p=(KBody)V (KBops).

Besides these postulates for update, Katsuno and Mendelzon have reformulated the
AGM postulates for the case of belief base revision in propositional logic:

(R1) KB x ¢ implies ¢.

(R2) If KB A ¢ is satisfiable, then KB x ¢ = KB A ¢.

(R3) If ¢ is satisfiable, then KB « ¢ is satisfiable.

(R4) If KB = KBs and ¢ = ¢, then KB, 1 = KBy % ¢».
(R5) (KB * ¢1) A ¢ implies KB * (¢1 A ¢a).

10 Hansson’s [33] postulates for contraction would, in style of Levi Identity give rise to
revision via contraction and expansion; however, this requires the use of negation, which
we lack here.
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(R6) If (KB * ¢1) A ¢o is consistent, then KB % (¢1 A ¢o) implies (KB x ¢1) A ¢o.

4.2.1 Interpretation of Postulates

As for an interpretation of these postulates in our setting, we may take the sub-
sumption relation between an action description and a set of causal laws for char-
acterizing implication (and thus equivalence).

Lemma 1 (Equivalence) Let D, and D, be action descriptions over a signature
L = (F, A). Suppose that for every causal law | over L, it holds that D, subsumes
Liff Dy subsumes . Then T'(Dy) = T (D).

Proof. Let T'(Dy) = (S1,V1, Ry) and T(Dy) = (Ss, Vs, Rs). Towards a contra-
diction first suppose that S; # S,. W.l.o.g., assume that s is a state in S} such that
s & S,. Consider an arbitrary fluent F', and let F denote —F if Fis true in s, and F
otherwise. Then, D; does not subsume [ = caused F if Nsc)=t G N Ns(@)=f -@,
whereas D, trivially subsumes /, a contradiction. Hence, S; = S5 holds, and there-
fore also V; = V5. Next, suppose R # Rs, and w.l.o.g. assume that (s, A, s') € R,
and (s, A, s') ¢ R,. Again consider an arbitrary fluent F', and let I denote —F' if
Fis true in s’, and I otherwise. Then, D; does not subsume

[=caused Fif A GA A\ —-Gafter A\ H,A A -H,A
s'(G)= "(G)=

t s f Ha,eA H,eA\A
N HAn N\ —H,,
s(Hs)=t s(Hs)=f

whereas Ds trivially subsumes [, a contradiction. Therefore R; = R» holds as well.
This proves the claim. O

Closing the language under conjunction is also no problem, since an action descrip-
tion can be regarded as the conjunction of its causal laws. However, the meaning
of negation (and disjunction) of causal laws and action descriptions is ambiguous
and undefined. Therefore, we refrain from an interpretation of postulates (U7) and
(U8).

Another difficulty arises from the fact that the new information to be incorporated
into our action description is characterized by syntactically and semantically differ-
ent entities, namely causal laws and constraints. Naturally, KB implies ¢ might be
understood component-wise as KB subsumes the causal laws given by ¢ and KB
satisfies the constraints given by ¢.

Given these considerations, we paraphrase the postulates as follows:

(R1), (U1) If D' is asolution to (D, I,C, C¢), then D' subsumes [ and D’ |= C.
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(R2) If DU [ is consistentand D U I |= C, then T'(D’) = T(D) for any solution
D' of (D,I,C,C¢).

(U2) If D subsumes [ and D |= C, then T'(D’) = T'(D) for any solution D’ of
(D, 1,C, Ec).

(R3) If there exists an action description D’ such that D’ is consistent, D’ subsumes
I'and D' |= C, then there exists a solution to (D, I,C, C¢).

(U3) If D is consistent, and there exists an action description D’ such that D’ is
consistent, D’ subsumes 7, and D' = C, then (D, I, C, C¢) has a solution.

(R4), (U4) If T(Dy) = T(Dy), T(I,) = T(I,), and C; = Ch, then T(D)) =
T(D)) for any solutions D} and D), of (Dy,I;,Cy,C¢) and (Dg, I, Co, Ce),
respectively.

(R5), (U5) If D' is a solution to (D, I;,C},C¢) and D" U I; subsumes [, then D”
subsumes [ for some solution D" of (D, I; U I, C; U Cy, Ce).

(R6) If D' is a solution to (D, I;,C},C¢) and D' U I, is consistent and satisfies
(5, then D" subsumes [ implies D’ U I subsumes [, for some solution D" of
(D, Iy U, C; Uy, [C).

(U6) If D] is asolution to (D, I, C}, C¢) such that D] subsumes I and D) | Cy,
and D), is a solution to (D, I5, Cy, C¢) such that D), subsumes [, and D), = (Y,
then T'(D}) = T'(D5).

Obviously, R1 and U1 hold by definition, whereas R2 holds for strongly non-
minimizing C . For U2, we also know from Proposition 1 that it holds if D is
consistent, in addition to a strongly non-minimizing . Both conditions are nec-
essary.

Concerning R3 and U3, they do not hold in general, unless D, € D' C D U I.
In case of the latter they hold by definition; to wit the former, let D = D, =
{caused F'}, Co=C, I = {caused —F'}, and C' = (). Note that the property holds
if C =0and D, = 0.

Proposition 2 (Solution Existence) Let (D, I,C, ) be an ADU problem, such
that D' is consistent, D' = C, and D' subsumes I for some action description D’
with signature L. Then, there exists a solution to (D,1,C,C¢) if (i) D, € D' C
DUTand D'UI = C, or(ii) C = 0 and D, = 0.

Proof. Note that consistency of D’ and that D’ subsumes [ implies that [ is consis-
tent. In Case (i) this implies that D’ U [ is consistent. Furthermore, D, C D' UT C
DU and D'UI | C hold. Hence, D’ U I is a pre-solution, which proves the
existence of a solution. For (ii), observe that D, = ) € I C D U I, and that
I & C (since C' = ()). Hence, I is a pre-solution, which proves the existence of a
solution. 0O

Irrelevance of Syntax (R4/U4) does not hold, even for C¢=C and C' = (): Consider

D, = {caused I caused —F'}, D, = {caused G, caused F if G, caused —F if G'},
and Il = ]2 = @
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We remark, that the above counterexample is a canonical one, in the sense that
I, = I, = 0 and C = (), however with inconsistent D; and D,. Note, that is
is easily modified to a counterexample where D, and D- are consistent (and, for
instance, I; and /5 are nonempty).

Property RS, U5 holds if just consistency is required (C' = @), D' U I, is con-
sistent, and [« is strongly non-minimizing. In general it fails as witnessed by:
D = D,, = {caused I after A}, Co=C, I; = {caused —[" after A \ —~F},
I, = {caused —F after AN F}, and C = {SOMETIMES executable A}. In
this case, D” = I U I, is the only solution of (D, I U Iy, C, C¢) (since DU U I
does not satisfy C'). However, D" does not subsume caused F' after A, which is the
case for D’ = D U I;. The property also does not hold for strongly non-minimizing
Cc in case of C' = () if D’ U I, is inconsistent: Let D = D,, = {caused F'},
Co=C, I} = {caused G}, [ = {caused —F'}. Then, D" = I, U I, which does
not subsume caused F'.

Similarly, R6 holds if just consistency is required (C' = ()), and C is strongly non-
minimizing. In general it fails: Let D = D,,, = {caused F after A A\ F'}, Co=C,
I, = 0, I, = {caused F after A A —F}, C; = {SOMETIMES —executable A},
and Cy = (). Then, D" = I,, which subsumes [ = caused — I after A A I'. How-
ever, D' U I, = D U I, does not subsume [, although it is consistent and trivially
satisfies Cs.

Proposition 3 (Unique Consequence) Ler (D, I,,0,C¢) and (D, ;U 15,0, C¢)
be ADU problems, such that C¢ is strongly non-minimizing wrt. L. If D' is a so-
lution to (D, I,,0,C¢) and D' U I, is consistent, then D' U I, is a solution to
(D, I, U I, @, Ec).

Proof. Obviously D’ U I is a pre-solution of (D, I; U I, ), C¢), since it is con-
sistent and trivially satisfies C' = (). Towards a contradiction assume that there is a
consistent action description D" such that (D' U I5) C¢e D" and D, U1, U I, C
D" C DUI, U 5. Then, since ¢ is strongly non-minimizing wrt. £, we conclude
that (D'U L) € D".Let D; = D"\ (I;\ D). Then, D' C D;. Furthermore, D, is
consistent (because satisfaction of static laws is monotone) and trivially satisfies C,
i.e., Dy is a pre-solution to (D, I, (), C). Because T is strongly non-minimizing
wrt. L, it follows from D’ C D, that D' C¢ D;. This contradicts the assumption
that D’ is a solution to (D, I, (), C¢). Therefore, D” cannot exist, i.e., D' U Iy is a
solution to (D, I, U I,,0,C¢). O

Eventually, U6 fails to hold even for strongly non-minimizing [« if just consis-
tency is required C' = (): Let D = (), Cc=C, I; = {caused F after A A F'},
I, = {caused F after A}, and C; = Cy = (). Then I; subsumes I, and vice versa,
but T(Il) 7é T(Ig)
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4.2.2 Discussion

Summing up, we observe that even in the simple setting without unmodifiable laws
(D, = 0), without constraints (C' = ()), and with set inclusion as preference relation
(Ce=0Q), not all postulates are satisfied. Concerning the revision postulates, apart
from an additional consistency requirement for solution existence in RS, the only
postulate that completely fails is Irrelevance of Syntax (R4/U4). This is intuitive,
however, given that the causal information in an action description depends on its
syntactical representation in terms of causal laws. While different sets of causal
laws, i.e., knowledge bases, may represent the same transition diagram, when (the
same) new information is incorporated, this no longer needs to be the case.

Concerning the update postulates, in addition to the failure of U4, postulate U2
does not hold in general. The reason is that solutions must be consistent, a property
which has been discussed as one of the discriminating properties between update
and revision. In this respect, our approach certainly acts like a revision operator.
Moreover, U6 fails to hold even in this simple setting.

Let us turn to more sophisticated ADU problems, where more than (static) con-
sistency is required for solutions, and dynamic requirements need to hold after
changing the knowledge base. Recall that in general such requirements cannot be
expressed in terms of causal laws. (With the latter, one can represent action do-
mains that satisfy the respective requirement, which would amount to specify the
solution as the new information to be incorporated, however, rather than express-
ing the requirement itself.) As soon as dynamic requirements can be demanded
(C # (), several postulates cease to hold: R3/U3, R5/U5, and R6. For R3/U3, the
reason is that the solution space is constrained to causal laws occurring in D U [
(which we consider a reasonable assumption for practical change operations in our
setting). In case of RS5/US, and R6, which are related to the supplementary AGM
postulates (1.e., AGM postulates K+7 and K+8 [57]), the simple counterexamples
reveal that the main reason for this failure is due to the non-monotonicity of the
action language and that it is rather independent of the problem definition.

4.3 Disjoint Factorization

We next consider a structural property of solutions and pre-solutions, which can
be exploited for a syntactical decomposition of an ADU problem, in a divide-and-
conquer manner. Because of the involved semantics of transitions and causation, in
general some prerequisites are needed.

Definition 5 (NOP) We say that an action description D has NOP, if T'(D) has
either (i) a transition (s, (), s) for some state s, or (ii) for every state s, there exists
a transition (s, (), s').
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Notice that NOP is a very natural property that often applies, in particular for time-
driven domains, where passage of time causes (s, (), s) by inertia, usually for all
states s.

The following lemma is the key for our disjoint factorization result. For any action
signature £ = (F, A), we denote by L the part of it which appears in any action
description D.

Lemma 2 Let T(D') = (S*, V', R) for action descriptions D', i = 0,1, such that
LpoNLpr = 0. Let T(D U DY) = (S, V, R). Then the following hold:

(l) S = {50 U sy ‘ So € SO,Sl € Sl},'
(ii) If R® # 0 and R # ) then, for (s§, A%, s%) € R and (s}, A',s1) € R,
(sdUsh, AU AL U st) € Ry
(iii) for (s, A,s"Yy € R, {(sN Lpo, AN Lpo,s' N Lpo) € R and (s N Lp1, AN
ﬁDl,S’ﬂ£D1> € R

Proof. (i) is trivial. We prove (ii) and (iii) as follows.

(ii) Suppose that R® # () and R' # (). Take any (s), AY, s9) € R%and (s}, A', s7) €
R'. We show that (s)Us}, A°UA! s?Usl) € R. Suppose this is not the case. Then
one of the following two cases holds:

(1) For some dynamic law d of the form (5) in D° U D', s§ U s{ U A° U A satisfies
H, and s? U s} does not satisfy G A L. W.l.o.g., suppose that d is in D°. Then, since
Lpo N Lp =0, s§ U A satisfies H and s? does not satisfy G A L. This implies
that (s), A%, s?) & R°, which is a contradiction.

(2) s9Us3 is another state (different from s U s1) that satisfies the heads of all static
laws (4) in D U D! for which 58 U 3(1) satisfies (G, and of every dynamic law (5)
in D' U D*, such that satisfaction of H by sj U s§ U A® U A" implies that s{ U s
satisfies GG. Then, (since each causal law is in D° or D' but not in both, due to
Lpo N Ly = 0) it follows that, s satisfies the heads of all static laws (4) in D"
for which s satisfies GG, and of every dynamic law (5) in DY, such that satisfaction
of H by s§ U A® implies that s? satisfies G. This implies that (s3, A%, s?) ¢ R;.
(Symmetrically, the claim holds for D.) This is again a contradiction.

(iii) Take any (s, A, s’) € R. W.Lo.g., suppose that (s Lpo, ANLpo, s’ N Lpo) &
R°. Then one of the following two cases holds:

(1) For some dynamic law d of the form (5) in D°, s N Lpo U AN Lpo satisfies H,
and s’ N L po does not satisfy G A L. Since Lpo N Lp1 = (), s U A satisfies H and
s' does not satisfy G A L. This implies (s, A, s') ¢ R, a contradiction.

(2) 9 is another state that satisfies the heads of all static laws in D° for which
s N L po satisfies G, and of every dynamic law (5) in D; such that satisfaction of H
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by sNLpoUANLpo implies that s' N L po satisfies G. Consider s” = sSUs'NLpr.
Due to (i) above, s” € S. Moreover, since Lpo N Lp1 = (), the following holds: s”
satisfies the heads of all static laws (4) in D° U D' for which s satisfies G, and of
every dynamic law (5) in D° U D?, such that satisfaction of H by sU A implies that
s’ satisfies GG. This implies that (s, A, ') ¢ R, which is a contradiction. O

Intuitively, this lemma describes how the transition diagram of an action description
can be composed, if the action description consists of two syntactically disjoint
parts. It can thus be exploited to decompose a given action description into disjoint
parts as in our next result. For such a decomposition to be faithful in the sense that
solutions to the respective ADU subproblems can be composed to yield a solution
to the original ADU problem, care has to be taken with respect to two aspects:
First, an empty set of transitions shall not compromise the approach, and thus has
to be avoided, in the presence of dynamic constraints (cf. Lemma 2 (ii)). This can be
guaranteed by the NOP property, which will in fact be sufficient for composing pre-
solutions. Second, for composing solutions the composed preference relation needs
to comply with the preferences of the subproblems. Stated from the viewpoint of
decomposition, the preference relation must be factorizable.

Towards a formal treatment of these ideas, we need further terminology. We call
(£, L), where £L'= (F', A"), i = 0,1, a partitioning of a signature £ = (F, A),
if (F°, F') and (A°, A') are partitioning of F and A, respectively. We first define
decompositions of action descriptions and constraints.

Definition 6 (AD/Constraint Decomposition) Suppose (L°, L) is a partitioning
of asignature L = (F, A), and let X be either an action description or a set of con-
straints over L. Then a partitioning (X°, X') of X is called a decomposition of X
with respect to (£°, £1), if Lx: C L, fori = 0, 1. Furthermore, X is decomposable
with respect to (£°, L), if such a decomposition exists.

Based on this, we next define the notion of a near-decomposition of an ADU prob-
lem, which splits the action description and the constraints in separate parts while
disregarding preference.

Definition 7 (Near-Decomposition) Ler (D, I,C,C¢) be an ADU problem with
signature L, and let (D°, DY), (I°, I'), and (C°,C") be decompositions of D, I,
and C, respectively, with respect to a partitioning (L°, L') of L. Then, ((D°, I°, C"),
(D', I',C")) is a near-decomposition of (D, I, C, C¢) with respect to (£°, £1).

The following theorem now formally shows that the pre-solutions of an ADU prob-
lem can be obtained from those of a near-decomposition, provided that some rami-
fying conditions hold. We say that a constraint ¢ occurs positively (resp. negatively)
in a set C' of constraints, if ¢ occurs in the scope of an even (resp. odd) number of
negations in a constraint in C'.

Theorem 1 (Disjointness) Given an ADU problem (D, I,C,C¢) with signature
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L, let ((D° I°,C%), (D', I',C")) be a near-decomposition with respect to a par-
titioning (LY, L) of L, and let C¢, be an arbitrary preference ordering for action
descriptions over L', i = 0, 1. Then the following holds:

(i) Let X' be a pre-solution to (D', I',C*, C¢:) such that X' has NOP if some
dynamic constraint occurs negatively in C*~%, fori = 0,1. Then X° U X' is
a pre-solution to (D, I,C,C¢).

(ii) Let X be a pre-solutionto (D, I,C,C¢), and let (X°, X') be any partitioning
of X with respect to (L°, L") such that X' C D" and X' has NOP if some
dynamic constraint occurs positively in C*~%, for i = 0, 1. Then, X* is a pre-
solution to (D', I*, C", C ), fori =0, 1.

Proof. Let T(X°U X') = (S,V, R) and let T'(X*) = (S*, V", R"). We first show
for any static constraint ¢, that X°UX! s = cifc € C%, X, s' = ¢, and sNL = s'.
Since for each fluent literal L in ¢, s' = L implies s = L, and since ¢ € L C LY
(i.e., ¢ contains only fluent literals from L?), the claim follows. Conversely, for
any static constraint c, it holds that X* s = cif ¢ € C%, X° U X! s |= ¢, and
s’ = s N L% Again due to the fact that every fluent literal L in c is from L,
we conclude that s = L implies s° |= L, which proves the claim. Therefore, we
conclude for any static constraint ¢ € Lo C L that there exists a state s € .S such
that X° U X', s |= ciff there exists a state s € S* such that X*, s* |= ¢. Moreover
by the structure of S (cf. Lemma 2 (i)), X° U X! s = cforall s € Siff X?, s* |= ¢
for all s' € S°. Hence, if C just contains static constraints, then X" U X! satisfies
C iff X© satisfies C° and X' satisfies C'.

We next consider dynamic constraints ¢ of the form necessarily () after A;;...; A,
or —necessarily Q after A;;...:; A, and show the following: (1) X°U X! s |= cif
ce (', X" s'=c, sNL = s', and X'~ has NOP if ¢ is negative, or () contains a
negative dynamic constraint; (2) X, s' = cifc € C', X°U X! s E ¢, s' = sN LY,
and X'~* has NOP if ¢ is positive, or () contains a positive dynamic constraint. We
proceed by induction on the nesting depth £ of the constraint.

Base Case (k = 0): (1) Let c be positive and towards a contradiction consider a state
s € S, such that sNL? = s* and there exists a history b = s, Ay, 51, .. s+ Sn—15 Any Sn,
such that s,, }~= Q By Lemma 2 (iii), every transition of the history hZ =s' Ay, 51N
L. s, 1 NLYA,, s, N L is in R'. Furthermore, s,, = Q implies s, N L £ Q
because c € X' and Q contains only static constraints. Contradlctlon If cis
negative, then there exists a history h' = s Ay, s}, ..., s" | A, s such that
st = Q. Since X'™* has NOP there exists a sequence of n + 1 states, such
that A'~" = ' 0, 5177, ..., sl™ 1,(2),3,11 ?is a history of X'~*. By Lemma 2 (ii),

h=sUs"™" A, ... Ay, s U s~ is a history of X° U X, Furthermore, s [~ Q
implies s°, U s.7% £ @ because ¢ € X' and @) contains only static constraints.
Contradiction. This proves (1) for £ = 0.
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(2) Let ¢ be positive and towards a contradiction consider a state st € S such that
st = s N L' and there exists a history h = s, Ay, s%,...,s° | A, s, such that
st £ Q. Since X 1= has NOP there exists a sequence of n + 1 states, such that
R'7t = s 0 st L s 0,517 is a history of X177 . By Lemma 2 (ii), h =
stUs!™ Aq, ..., An, st UsL ™" is a history of X°UX?. Furthermore, s’ = () implies
st Usk=" £ Q because ¢ € X' and @ contains only static constraints. Contradiction.
If ¢ is negative, then there exists a history h = s, Ay, s1,..., 8,1, An, Sp, such
that s, [~ Q. By Lemma 2 (iii), every transition of the hlstory ht = s A, s N
L. 8n 1 NLY Ay, s, N LY s in RY. Furthermore, s,, = @ implies s, N L F Q
because ¢ € X' and Q contains only static constraints. Contradiction. This proves
2) for k = 0.

Induction Step: Let (1) and (2) be true for dynamic constraints of nesting depth
at most £ — 1 and consider a dynamic constraint ¢ of nesting depth k. Then, @)
contains only static constraints and dynamic constraints of nesting depth at most
k — 1. Thus, (1) and (2) also hold for c, as follows easily by the arguments of the
base case, replacing justifications by the fact that () contains only static constraints
with a respective justification that () contains only static constraints and dynamic
constraints of nesting depth at most k£ — 1.

So far, we have shown that (1) and (2) hold for any open constraint. By the structure
of S (cf. Lemma 2 (i)), we conclude for any existential or universal constraint c that
XO0UX! = cifc e C%, X' |= ¢,and X'~ has NOP if ¢ contains a negative dynamic
constraint, as well as that X* |= cif c € C%, X° U X! |= ¢, and X'~% has NOP if ¢
contains a positive dynamic constraint. Therefore, X* = C? and X'~ has NOP if
C" contains a negative dynamic constraint, for i € {0, 1}, implies X° U X! | C.
Conversely, X° U X! = C and X'~ has NOP if C? contains a positive dynamic
constraint implies X* = C%, fori € {0, 1}.

We now proceed with the proof of the theorem. Case (i): Let X* be a pre-solution
to (D', I*,C*,C¢i), for i = 0, 1. Suppose that, for i = 0,1, X* has NOP if some
dynamic constraint occurs negatively in C'~%, We show that X° U X! is a pre-
solution to (D, I, C, C¢). By Lemma 2 (i), X°U X! is consistent, since X® and X!
are consistent. Furthermore, DY U D! U U ' € X°U X! C DU I follows from
DOUI'C XY C DUl®and D} UT' C X' C D' U I, respectively. Eventually,
X% C%and X' = C" implies X° U X! = C. This proves that X° U X! is a
pre-solution to (D, I,C,C¢).

Case (ii): Let X be a pre-solution to (D, I, C, C¢), and let (X%, X'!) be a partition-
ing of X such that X° C D% and X' C D*. Suppose that, for i = 0, 1, X* has NOP
if some dynamic constraint occurs positively in C1~%. We prove that for i = 0, 1,
X' is a pre-solution to (D’, I', C*, C ). Since X is consistent, also X? and X' are
consistent. To see this, observe that w.l.o.g., if X is inconsistent, then the static
laws in X are unsatisfiable, which implies X is unsatisfiable as well, a contradic-
tion. Moreover, D, UI C X C DU I implies D2 U I° C X° C D°U I and
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Dlurl' C X! C D'UTI. Finally, X°U X! = C implies X° = C% and X! |= C.
Thus, XY and X! are near solutions to (D°, I°,C° Co) and (D, I',CY Cn),
respectively. 0O

Informally, the NOP property in Theorem 1 is needed to ensure that the transi-
tion diagrams of pre-solutions to the sub-problems can be “combined”. As already
mentioned above, this is only necessary in the presence of dynamic constraints.

For a full decomposition of an ADU problem, we need beyond a near decompo-
sition also a factorization of the preference relation, which is formally defined as
follows.

Definition 8 (Preference Factorization) Let [ be a preference relation for ac-
tion descriptions over signature L, and let (L°, L') be a partitioning of L. A pair
(Ceo, Ecn) of preference relations C ¢ for action descriptions over L', i = 0, 1, is
a factorization of C ¢ with respect to (L£°, L), if for any action descriptions D, D’
over L that are decomposable with respect to (L°, L), it holds that D Tg D'
implies that either D° Tco D' A D't (7 cn DY or D'° Zco DY A D' e D

Note that preference by strict subset inclusion (C»=C) is always factorizable (e.g.,
taking C as the preference relations of the factorization). We also remark that if the
set of constraints C' is decomposable with respect to (£%, £'), then the constraint
weight preference <o, is factorizable, provided that weights are nonnegative
(for instance, taking the same weights for the factorization).

A full decomposition of an ADU problem is then as follows.

Definition 9 (ADU Decomposition) A decomposition of a given ADU problem
(D, I,C, C¢) with respect to a partitioning (L°, L) of its signature L is a pair
(D%, 19, C° Ceo), (DY, I, CY, Cen)) such that ((D°,1°,C°), (DY, I',CY)) is a
near-decomposition of (D, I,C, C¢) and (Ceo, Cen) is a factorization of Ce.

The following result, which is the main result of this section regarding solutions of
an ADU problem, is then easily obtained from Theorem 1.

Theorem 2 Let ((D°,1°,C° Ceo), (DY, I, CY,Cc1)) be a decomposition of an
ADU problem (D, I,C, C¢) with respect to a partitioning (L°, L) of its signature
L. Suppose that either (i) no dynamic constraint occurs in C, or (ii) no dynamic
constraint occurs in C1. If X' is a solution to (D', I', C*, C¢) fori = 0, 1, where
in case (ii) X* has NOP, then X°U X' is a solution to (D, I, C, C¢). Furthermore,
in case (i) every solution to (D, I,C,C¢) can be represented in this form.

Item (i) states that we can fully decompose an ADU into two components, and that
all solutions can be obtained by a simple combination of the solutions of the in-
dividual components. However, this works in general only in absence of dynamic
constraints (combining the transition graphs of the components is then unproblem-
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atic). Item (ii) accounts for possible dynamic constraints in one component, which
are unproblematic as long as solutions of the other have NOP. However, not all
solutions can be composed from solutions of the components in general.

Example 4 Consider the ADU problem (DU D’ I,C, C), with D, I, and C as
in Example 1, and D’ as in Example 3. Since X = D U I \ {caused TvON
if PowerON }isasolutionto (D, I, C, C) (cf. Example 1), X! = D’ is (the unique)
solution to (D', (), , C) (cf. Example 3), and D" has NOP (which is easily verified),
by Theorem 2 (ii) X° U X' = (DUD'UI) \ {caused TvONif PowerON} is a
solution to (DU D', I,C, C). a

Example 5 Consider the ADU problem (DU D', I, C, <We,~gh,q), with D, I, C, and
weight,, as in Example 2, and D’ as in Example 3. Again X°UX' = (DU D'UT)\
{caused TvONif PowerON }isasolutionto (DUD’ I,C, <We,~gh,q), as X' = DU
I'\{caused TvONif PowerON } is asolution to (D, I, C, <eign,) (cf. Example 2),
and as X! = D’ is (the unique) solution to (D', (), 0, <We,-gh,q). By Theorem 1,
D, U D" U I is a different pre-solution to this ADU problem since D, U [ is a
pre-solution to (D, I, C, <weightq)- Moreover, setting the weight of constraint (13)

ALWAYS holds PowerON A TvON D
—necessarily (holds TvON) after { PushPBry }

to O (which amounts to assigning the preferred constraints a ‘don’t care’ status), it
would be another solution. O

Theorem 1 provides a basis for decomposing an ADU into smaller ADUs that can
be solved in a divide-and-conquer manner, ! and Theorem 2 shows some possible
exploitation. These results can be integrated into algorithms for computing solu-
tions, which we consider in Section 6 below; their effectiveness is demonstrated
on a practical example in Section 7.2. Finally, note that for our exemplary prefer-
ence relations C and <,.gn, With non-negative weights, the benign properties of
monotonicity and non-minimization with respect to £, carry over to their standard
factorizations (given by restricting the relation to the relevant domain) and can be
recursively exploited.

S Complexity Analysis

In this section, we investigate the computational complexity of relevant tasks for
solving an ADU problem, including to decide whether a solution exists and whether
a given action description is a solution. The complexity of these tasks strongly

1 For similar and stronger results in classical propositional logic see [54].
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DEC,& D Ce D' | solution existence | solution checking

in PSPACE PSPACE PSPACE
in AP (i >1) ) mr
in P NP D

Table 1

Complexity of deciding solution existence and solution checking, depending on the com-
plexity of the relevant subproblems (completeness results; hardness holds for fixed prefer-
ence relation ).

depends on the complexity of deciding whether a given action description satisfies
a set of (obligatory) constraints (i.e., D = C,), and whether an action description is
preferred over another action description under the given preference relation (i.e.,
D Cc¢ D).

We first consider the worst-case complexity of the above mentioned subproblems as
a parameter and derive upper bounds (in terms of membership results) for deciding
whether an ADU problem has a solution, and for checking whether an action de-
scription is a solution to an ADU problem in a generic setting. We then ‘instantiate’
this generic setting by considering different classes (restricted sets) of constraints
which yield different complexities for deciding D |= C,, and by studying concrete
preference relations for which the complexity of deciding D - D’ differs. In par-
ticular, we provide completeness results for the syntactic preference C (for which
deciding D T D’ is polynomial) and for the semantic preference <iweight, (for
which deciding D C¢ D’ ranges up to PSPACE) for the various classes of con-
straints considered. Note that the class of admitted constraints is the main source
of complexity in most concrete settings, in particular when deciding D CT¢g D’
reduces to deciding constraint fulfillment.

5.1 Generic Upper Bounds

Our main result on generic upper bounds, which however also gives the general
picture of more precise complexity characterizations, is summarized in Table 1.
Recall that PSPACE is the class of decision problems that can be decided by a
(deterministic) Turing machine using space at most polynomial in the length of the
input. PSPACE contains the so-called polynomial hierarchy, a sequence of classes
defined as A = ¥F = I’ = P, and for i > 0, by AL, = P, ¥F, =
NP=D , and Hfil — coNPZ/ Finally, D is the class of decision problems whose
yes instances are characterized by the “conjunction” of an NP problem and an
independent coNP problem. The prototypical such problem is SAT-UNSAT, whose
yes instances are pairs (F, G) of propositional formulas such that F' is satisfiable
and G is unsatisfiable; this problem is also complete for D”. For a background in
complexity theory, we refer to [53].
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Informally, the results show that modulo the cost of deciding the satisfaction of
constraints and preference, the complexity of solution existence and checking in-
creases at most by one level in the polynomial hierarchy, which is due to the expo-
nential search space for a solution respectively a better solution candidate, which
might be nondeterministically guessed. Since the search space can be traversed in
polynomial space, there is no increase in complexity in the most general case.

We next formally establish Table 1. Given an ADU problem (D, I,C,C¢), let
Ccheck denote the class of problems of deciding D’ = C, for any D, UT C D’ C
D U I. Similarly, let Pcheck denote the class of problems of deciding whether
Dy C¢ D, holds, for action descriptions D, U € D; C DU I and i € {1, 2}.

Theorem 3 Deciding whether a given ADU problem (D, I, C,C¢) has a solution
(or a pre-solution) is (i) in PSPACE if Ccheck is in PSPACE, (ii) in X1 if Ccheck
is in A and i > 1, (iii) in NP if Ccheck is in P.

Given an ADU problem (D, I,C| C¢) together with an action description D', de-
ciding whether D' is a solution for it is (a) in PSPACE if Ccheck and Pcheck are
in PSPACE, (b) in 117" if Ccheck and Pcheck are in AY and i > 1, (c) in D? if
Ccheck and Pcheck are in P.

Proof. Let D = D, U D,,. In order to decide whether (D, I, C, ) has a solution,
we can guess a pre-solution D’ such that D, Ul C D’ C D, U I, along with a
state s for D’ (to witness consistency), and check D’ |= C, in polynomial space (i),
otherwise in polynomial time (iii), respectively with the help of a X" | -oracle. This
proves (i), (ii), and (iii).

As for deciding whether a given D’ is a solution, let us consider the complementary
problem. We can nondeterministically guess D" together with a state s” and pro-
ceed as follows. We check in 