
Collusion in Hidden–Action Models∗

Mehmet Barlo†

Sabancı University

September, 2006

∗This is a revised version of chapter 3 in Barlo (2003). I am grateful to Beth Allen, Guilherme Carmona, Narayana

Kocherlakota, Andy McLennan, Aldo Rustichini and Jan Werner for their valuable advice and support. I thank

Pedro Amaral, Kemal Badur, Camelia Bejan, Özgür Kıbrıs, Ayça Özdog̃an, Han Özsöylev, Hamid Sabourian, and

participants of the Applied Microeconomics Workshop, the Mathematical Economics Workshop at the University of

Minnesota, and the SED 2004 and SCW 2006 conferences for helpful comments and suggestions. All remaining errors

are mine.
†Email barlo@sabanciuniv.edu for comments and questions.

1



Abstract

We analyze implications of collusion in a one–shot moral hazard model in which agents

perfectly observe others’ choices and are allowed to write binding side contracts. In this setting,

we demonstrate an example in which the unique incentive compatible and individually rational

optimal contract is not immune to collusion. Collusion constraints, restricting the principal

to consider contracts that are free of collusion, are identified: A contract is collusion–proof if

there is no other feasible side contract that makes some of the agents strictly better off, while

not hurting the others. Our main result is to prove the existence of an optimal collusion–proof

contract under the very same assumptions needed for the existence of an optimal incentive

compatible and individual rational contract. The basic distinction between our approach and

others’ is the use of cooperative game theoretic tools in the analysis of the interaction among

agents. Consequently, our model is not susceptible to the well known problem of multiplicity of

equilibria in the play among agents.
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1 Introduction

In hidden–action models, with two or more agents, the possibility of collusion among agents is

often ignored. On the other hand, when agents can observe others’ effort levels, tacit collusion

might arise due to repeated interaction. This phenomenon can be analyzed in a one–shot moral

hazard model in which agents are allowed to write binding side contracts, a key assumption for

the possibility of collusion.1 If they cannot observe others’ choices, then the standard constraints

(incentive compatibility and individual rationality) are enough to make agents accept the contract

and go for the effort level that the principal wants them to. However, as demonstrated in the

example in section 2 the unique incentive compatible and individual rational optimal compensation

scheme is not immune to collusion. Indeed, then, agents have a feasible opportunity making each

strictly better off (while the principal becomes strictly worse off).2 This example illustrates that

testing truthful revelation with single–agent deviations is not sufficient for implementation, thus, the

revelation principle fails.

We consider a moral hazard model, with a single principal and finitely many agents who operate

the principal’s asset delivering observable and verifiable returns. The distribution of returns depends

on the effort profile agents choose which is not observable and/or verifiable by the principal. Finally,

it is assumed that each agent can observe and verify others’ effort levels, thus, write binding side

1In the absence of repeated interaction, the same framework can be applied to a situation where the principal

employs two or more agents each of whom can observe others’ effort levels, and engage in binding side contracts,

that are honored in a court of law. An example would be a municipality contracting an architecture agency and a

construction firm to build a hospital.
2Agents’ extra surplus is due to not only more efficient risk sharing, but also coordination in their effort choices.

The same point has been pointed out in a different hidden–action framework in Demski and Sappington (1984) and

Mookherjee (1984).
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contracts contingent on the joint effort choice. For a contract to be collusion–proof the requirement is

the following: Given the principal’s offer (consisting of a compensation scheme and an effort profile)

there should not be another feasible side contract that makes some of the agents strictly better off,

while not hurting the others. This requirement is specific to the informational assumptions at hand.

In particular, when a group of agents identify a feasible side contract making all the group members

strictly better off, the agents who are not a part of this group should not get lower payoffs. This is

because, otherwise each of such agents could provide verifiable evidence to the principal about the

deviating group.

We model the strategic interaction among agents with the well–known and studied cooperative

game theoretic notion, the core, whose existence is generally a well celebrated and important result.

The principal, then, is required to offer a contract that is in the core of the strategic interaction it

creates.

Our main result is that there is an optimal collusion–proof contract under the very same assump-

tions that guarantee the existence of a standard optimal contract. It is quite interesting to observe

that collusion does not impose additional restrictions on hidden–action models to ensure existence.

Collusion constraints we employ are rather impractical to work with. Nevertheless, we prove

that we can use the formulation in Laffont and Martimort (1997) to deliver an equivalent version:

Introduction of a third benevolent party that seeks feasible ways to increase agents’ utilities by

coordinating their effort levels and payments, a labor union. Indeed, we show that attention can be

restricted to a utilitarian bargaining problem, the outcome of which depends on principal’s offer.3

That is, (1) if a contract is collusion–proof, then it solves the resulting utilitarian bargaining problem

3These problems are extensively analyzed in the literature, and we refer the reader to Thomson (1981) for more on

the subject.
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for any weights assigned to agents; and (2) if the principal’s offer solves labor union’s problem at

some weight profile, then it is immune to collusion. A key feature of our model is that unlike the

existing mechanism design literature, e.g. Maskin and Moore (1999), we do not assume that the

principal knows the exact form of the strategic interaction that prevails in the labor union. Instead,

in our formulation the sole information principal has about this bargaining is that all agents are

rational, thus, its outcome must exploit all feasible possibilities and be one to which none of the

agents object. Establishing the result that the set of contracts which solve the labor union’s problem

for some weight profile is compact, allows us to redefine the principal’s problem: The principal is

constrained to choose only individually rational contracts that solve the labor union’s problem for

some weight profile.

These lead to the interesting finding that the restrictions imposed on the principal due to collusion

is not as though as it might appear at first sight. In particular, the principal can determine the

outcome of the labor union’s problem to some extent: He is not restricted to use (in fact, may not

even know) some pre–specified and exogenously given bargaining weights which might be appropriate

to be used in, or commonly known/accepted feature of the strategic interaction among agents. But,

he can identify weights with which his offer will be among the solutions to the resulting utilitarian

bargaining problem. Because that such an offer will also solve this bargaining problem with those

pre–specified and exogenously given weights, it is as if these pre–specified and exogenously given

weights were equal to those that the principal wishes to employ.

There are a number of studies dealing with collusion in hidden–action models. However, all of

them rest on the revelation principal because the strategic interaction among agents is modeled with

a (Bayesian) noncooperative game. Specifically, Demski and Sappington (1984), Demski, Sappington,

and Spiller (1988), and Mookherjee (1984), point out that there can be many Bayesian–Nash equilibria
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in the noncooperative game played among agents, and those equilibria need not be payoff equivalent

for the principal, exposing him to the problem of multiple equilibria. Ma, Moore, and Turnbull

(1988) claim to solve this problem without the principal incurring any additional cost by including

a new dimension to principal’s offers, designation of an agent as a police. The clear–cut distinction

of our approach is the use of cooperative game theoretic tools to analyze the interaction among

agents. Furthermore, we do not consider enriched classes of principal’s offers to eliminate collusion.

This is because, our method allows us to avoid the informational assumptions and concerns about

whether or not specific mechanisms can be implemented in a setting where agents are allowed to take

coordinated decisions. Moreover, in our setting we do not encounter the problem of multiplicity of

equilibria in the play among agents because of the use of the core as the solution concept.

Another branch of related literature features the analysis of collusion in multi–agent hidden–

information models. Laffont and Martimort (1997) provides a modified version of the revelation prin-

ciple with collusion under asymmetric information in an example of a vertical monopoly. Moreover,

Laffont and Martimort (2000) analyze the implications of collusion under asymmetric information in

a public good environment. It should be pointed out that there are two major distinctions between

their and our model. The first and obvious one is that they concentrate on hidden–information. The

second one is about the interaction among agents, indeed, in ours the information among agents is

perfect. But, exactly due to that reason, we can prove that the core of the interaction among agents

coincides with the utilitarian bargaining approach they employ.

The analysis provided exhibits that collusion–proofness and renegotiation–proofness are techni-

cally very similar. The obvious difference between these two concepts is that the former does not

involve any timing, whereas the latter needs at least two periods to make sense. Another more subtle

but important difference appears in the formulation of the bargaining situation: In a renegotiation
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setup, it is natural to assume that the principal and the agent have ex–ante knowledge about the

exact form of the bargaining process that could take place in the future. However, in a multi–agent

moral hazard problem, requiring the principal to know the bargaining process among agents, we

think, would be significantly restrictive.

The paper is organized as follows: Section 2 illustrates that in a two–agent example the unique

incentive compatible and individually rational optimal contract is not collusion–proof. In section 3,

we present the model by providing notations and definitions, and in section 4 existence of an optimal

collusion–proof contract is established. Finally, section 5 concludes by delivering a characterization

for interior optimal collusion–proof wages.

2 An Example

In this section, we provide an example of a standard hidden–action model, in which, incentive com-

patibility and individual rationality are not enough to prevent collusion among two agents.

Consider a risk neutral principal who owns an asset that has to be operated by two risk averse

agents. If the asset is operated, it provides an observable and verifiable return of x ∈ {0, A} , A ∈ R.

The probability distribution p (e1, e2) depends on the effort level of the agents. And for the sake of

simplicity, assume that there are two levels of effort for both of the agents, that is ei ∈ {0, 1} , i = 1, 2.

The principal cannot observe and/or verify agents’ effort levels. On the other hand, agents can

observe and verify each other’s effort level and are allowed to write binding side contracts contingent

on that observation. For any monetary compensation wi ∈ R+, and effort choice ei ∈ {0, 1}, the von

Neumann and Morgernstern utility function of agent i is given by ui (wi, ei) =
√
wi− ci (ei), i = 1, 2,

where the cost of effort (measured in utilities) is ci (ei) = ei i = 1, 2. Each agent has an outside
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opportunity for employment which results in the reserve utility ūi. Assume that ū1 = 5
11

, and ū2 = 4.

Indeed, for the example, any ū1 less than or equal to 5
11

would work.

The probability distribution on {0, A} is given in the following matrix

(e1, e2) p0 (e1, e2) pA (e1, e2)

(0, 0) 0.90 0.10

(1, 0) 0.25 0.75

(0, 1) 0.75 0.25

(1, 1) 0.20 0.80

It should be pointed out that A can be chosen to be sufficiently large so that employing both

the agents and making them work with high effort is always in the best interest of the principal.

Consequently, when concerns about collusion is ignored the program the optimal contract must solve

is

max
((w0

1 ,wA
1 ),(w0

2 ,wA
2 ))

1

5

(
0− w0

1 − w0
2

)
+

4

5

(
A− wA

1 − wA
2

)
subject to IR1 : 1

5

√
w0

1 + 4
5

√
wA

1 − 1 ≥ 5
11

; IR2 : 1
5

√
w0

2 + 4
5

√
wA

2 − 1 ≥ 4; IC1 : 1
5

√
w0

1 + 4
5

√
wA

1 − 1 ≥

3
4

√
w0

1 + 1
4

√
wA

1 ; and finally, IC2 : 1
5

√
w0

2 + 4
5

√
wA

2 − 1 ≥ 1
4

√
w0

2 + 3
4

√
wA

2 . The solution to this

program is (w∗
1(A), w∗

1(0);w∗
2(A), w∗

2 (0)) =
((

20
11

)2
, 0;
(

59
11

)2
,
(

39
11

)2)
, and agents receive the following

payoffs: 5
11

for agent 1, and 4 for agent 2.

Now consider a coordinated feasible deviation in effort choices: Agent 1 works with high effort

and agent 2 shirks. Additionally, suppose that agent 1’s payoff is increased from 5
11

to 0.50. Consider

the following program:

max
((s0

1,sA
1 ),(s0

2,sA
2 ))

1

4

√
s0
2 +

3

4

√
sA
2

subject to (1) the constraint making sure that the first agent gets at least an expected payoff of 1
2
,

i.e. 1
4

√
s0
1 + 3

4

√
sA
1 − 1 ≥ 1

2
; and (2) two feasibility constraints which make sure that in each state

8



the side contract s is feasible, i.e. s0
1 + s0

2 ≤
(

39
11

)2
, and sA

1 + sA
2 ≤

(
59
11

)2
+
(

20
11

)2
. The solution

is (s∗1 (A) , s∗1 (0) ; s∗2 (A) , s∗2 (0)) = (2. 7384, 1.0732; 29.336, 11.497) . Note that s∗, and e′ = (1, 0) is a

feasible correlated deviation. By construction agent 1 already gets a strictly higher payoff than the

one he would get with the principal’s offer. Finally, under (s∗, e′) agent 2 gets a payoff of 4.9099 > 4,

establishing that (w∗, e∗) is not collusion–proof.

As a final remark about this example, we wish to point out that whatever the collusion–proof

contract might be, it must make the principal strictly worse off. This is because, (w∗, e∗) is the

unique optimal incentive compatible and individually rational contract, and as will be obvious in the

following pages of this paper, any collusion–proof contract must be incentive compatible.

3 The Model

We present a hidden–action model in which a principal possessing an asset with finitely many state

contingent, observable and verifiable returns, has to employ finitely many agents, each of whose effort

level he cannot observe or verify. Another key feature is that agents observe others’ effort levels and

are allowed to write binding side contracts possibly contingent on the joint effort level.

The project has potential returns X = {x1, . . . , xM} ⊂ R, where xm ∈ R denotes the observable

and verifiable return from the project in state m ∈ {1, . . . ,M} ≡ M, M ∈ N. The set of agents is

I = {1, . . . , N}, N ∈ N, and each of them is free to choose an effort level ei ∈ Ei, Ei a nonempty

and finite set for each i ∈ I. Let E = ×i∈IEi. For any e ∈ E we adopt the standard notation so

that e−i = (ej)j 6=i, and E−i = ×j 6=iEj; and for any nonempty subset J of I, we let eJ = (ej)j∈J and

EJ = ×j∈JEj. Agents’ effort levels, e = (ei)i∈I , jointly determine a commonly known probability

distribution on M, given by p(e) ≡ (pm (e1, . . . , eN))m∈M ∈ ∆(M), where ∆(M) stands for the
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simplex formed on M. We assume that pm(e) > 0, for all e ∈ E and all m ∈ M. Furthermore,

when agents choose effort profile e ∈ E, agent i incurs a private cost (measured in utilities) of

ci(e). Indeed, this cost function may be constant in all the terms but ei, that is, we allow for the

case where ci(e) = ci(ei) for all e ∈ E. Agent i ∈ I has an additively separable utility function

vi (wi, e) = ui (wi) − ci (e), where wi ∈ R is the payment from the principal. We assume the von

Neumann and Morgernstern monetary utility function ui is a continuous, and strictly increasing

function. Additionally, agent i is endowed with an outside employment opportunity resulting in a

reserve utility of ūi.

Principal’s offer, a contract, consists of a compensation scheme w = (wi(m))i∈I,m∈M ∈ W , and

an effort profile ε ∈ E. We assume that W is a nonempty, convex and compact subset of RM∗N with

the following property: For all w ∈ W , and all (υi)i∈I ∈ [0, 1]N , w′ = (υiwi)i∈I is in W . We label

w̄(m) =
∑
i∈I

wi (m) ,

and for any m ∈M, and given w(i) and ε

Ui (wi, ε) ≡

(∑
m∈M

pm (ε)ui (wi(m))

)
− ci (ε) ,

for any i ∈ I. It should be noticed that Ui is a continuous function in wi and ε.

Individual rationality constraint, henceforth referred to as IR, takes the following form: Princi-

pal’s offer (w, ε) is IR if and only if

(w, ε) ∈ {(ŵ, ε̂) ∈ W × E : Ui (ŵi, ε̂) ≥ ūi, for all i ∈ I} .

For obvious reasons, we assume that ūi, i ∈ I, are such that the set of IR contracts are nonempty.

Incentive compatibility, henceforth to be referred to as IC, models the interaction among agents

based on single–agent deviation. A contract (w, ε) is IC if and only if

(w, ε) ∈ {(ŵ, ε̂) ∈ W × E : Ui (ŵi, ε̂) ≥ Ui (ŵi, (ε
′
i, ε̂−i)) , for all i ∈ I, and ε′i ∈ Ei},
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i.e. none of the players can obtain strictly higher payoffs by deviating singly, while the others follow

the prescribed behavior. Therefore, equivalently, (w, ε) is IC if and only if it is a (Bayesian) Nash

equilibrium of the following (Bayesian) normal form game: I is the set of players; M the set of states;

Ai = Ei the set of actions; p(ε) ∈ ∆(M) the probability distribution; and finally Ui : RM × E → R

as defined above is the payoff function of player i.

Unlike IC, our collusion constraint will not model agents’ interaction with single–agent deviations,

but, the core. Indeed, we say that a contract is collusion–proof if and only if there are no coalitions

of agents each of whose member can strictly benefit by jointly deviating to a feasible side contract,

while not hurting the agents not part of the coalition. The addition to the standard part of the

requirement is due to our particular setting: Because that each agent observes others’ choices and

each can provide verifiable evidence to the principal, all agents (including those who are not involved

in the deviating coalition) should not be worse off. This leads to the following definition:

Definition 1 A contract (w, ε) is collusion–proof, henceforth to be referred to as CC, if and only if

there are no coalitions J ∈ 2I \ ∅ and no (sJ , eJ) ≡ (sj, ej)j∈J ∈ R#|J |∗M × EJ with

1.
∑

j∈J sj(m) ≤
∑

j∈J wj(m) for all m ∈ M; and, Uj(sj, (εI\J , eJ)) > Uj(wj, ε), for all j ∈ J ,

and;

2. Ui(wi, (εI\J , eJ)) ≥ Ui(wi, ε), for all i ∈ I \ J .

In other words, CC asserts that for (w, ε) to be free of collusion, (w, ε) needs to be in the core of

the following NTU (non–transferable utility) cooperative game, defined for that specific (w, ε) and

which we refer to as the agents’ problem: I is the set of players; V (w,ε) : 2I \ ∅ → R×E denotes the

value function defined by for any J ∈ 2I \ ∅, V (w,ε)(J) = (V
(w,ε)
j (J))j∈J ⊂ R×E equals to the set of

payoffs obtained with (sJ , eJ) such that (1) each (sJ , eJ) is feasible for coalition J , (2) each (sJ , eJ)
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provides at least as high payoffs as (w, ε) does for each agent in J , and finally (3) each (sJ , eJ) is

such that none of the agents in I \ J incurs a strictly lower payoff level than what they obtain under

(w, ε).

The von Neumann and Morgernstern monetary utility function of the principal is denoted by

uP : R → R. When agents chose ε given a compensation scheme w, the principal derives the

following expected payoffs:

UP (w, ε) =
∑

m∈M

pm(ε)uP (xm − w̄(m)).

It should be pointed out that UP is continuous in (w, ε).

Hence, the program that the principal needs to solve is

max
(w,ε)∈W×E

UP (w, ε) (1)

subject to (w, ε) is IR, and CC. The optimal collusion–proof contract, (w∗, ε∗) , solves (1).

The following two observations about the principal’s problem need to be emphasized:

First, the constraint set of (1) is nonempty whenever it is so with only IR: Let (w, ε) be such

that wi (m) = wi for all m ∈ M, and ui (wi) = ūi + ci (ε), where for all j ∈ I we have εj ∈

arg minεj∈Ej
cj(εj, ε−j). Then, (w, ε) is IR, IC and CC, thus, the constraint set, IR ∩ CC, is

nonempty.

The second point is that in this setting there are no problems of non–degenerate multiplicity of

equilibria. Any solution to (1) would provide the principal the same level of expected returns. This

obvious, yet important, observation does not hold in models where the interaction among agents is

modeled based on Bayesian Nash equilibrium.4 This is because such equilibria can be Pareto ranked.

4We refer the reader to Demski and Sappington (1984), Mookherjee (1984), and Ma, Moore, and Turnbull (1988)

for more details.
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Our informational assumptions and the use of the core eliminates this problem: Every contract in

the core of the agents’ problem is a Bayesian Nash equilibrium, and, those Bayesian Nash equilibria

that are strictly Pareto dominated by others’ are not in the core of the agents’ problem.

4 Existence

The following is our main result:

Theorem 1 The principal’s problem has a solution.

The rest of this section is devoted to the proof of Theorem 1.

First we will deliver another version of the collusion constraint. Then, using that equivalent

formulation, the interaction among the agents will be modeled with a utilitarian bargaining game

which is more suitable for the rest and technical parts of the proof.

In CC’s definition we required that all the agents who do not join the deviating coalition should

not be strictly worse off due to coordinated choices by agents in the deviating coalition. Recall that

this is because, otherwise, any of those agents who are strictly worse off could provide the principal

verifiable evidence about the deviating coalition. In fact, it turns out that we can say more about

deviating coalitions due to strict monotonicity of payoff functions: Given (w, ε), if there were a

nonempty coalition of agents, J not equal to I, each of whom get strictly higher payoffs via a feasible

and coordinated deviation while the other agents, in I \J , get at least as high as what (w, ε) provides,

then there would be another feasible side contracting scheme (obtained with a feasible redistribution)

such that all the agents in I get strictly higher payoffs than promised by (w, ε). These observations,

therefore, lead to the following Proposition:
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Proposition 1 (w, ε) is CC if and only if there is no (si, ei)i∈I ∈ RN∗M ×E such that
∑

i∈I(si(m)−

wi(m)) ≤ 0, for all m ∈M; and Ui(si, e) > Ui(wi, ε), for all i ∈ I.

Proof. While the sufficiency part follows immediately from definition 1, the necessity is due to

strict monotonicity of payoff functions.

The next step is to render an equivalent formulation of CC by modeling the interaction in the

labor union with a utilitarian bargaining problem.

For any contract (w, ε) ∈ W × E that the principal offers, the set of (grand–coalition) feasible

and participatory contracts is a correspondence C : W × E � W × E defined by

C (w, ε) =

(s, e) ∈ W × E :
(1)

∑
i∈I (si (m)− wi(m)) ≤ 0, for all m ∈M, and

(2) Ui (si, e)− Ui (wi, ε) ≥ 0, for all i ∈ I

 .

Furthermore, let φ : ∆(I)×W × E � W × E be a correspondence defined by

φ(θ, w, ε) =

{
(s, e) ∈ W × E : (s, e) ∈ argmax(s̃,ẽ)∈C(w,ε)

∑
i∈I

θiUi (s̃i, ẽ)

}
.

Given (θ, w, ε) we refer to the utilitarian bargaining problem φ(θ, w, ε) as the labor union’s problem

given an offer (w, ε) with weights θ. Moreover, define

Φ(w, ε) = ∪θ∈∆(I)φ(θ, w, ε),

and

Ψ = {(w, ε) ∈ W × E : (w, ε) ∈ Φ(w, ε)}.

Given a weight profile for agents, θ ∈ ∆(I), and principal’s offer, (w, ε) ∈ W × E, the labor

union’s problem is to maximize the weighted sum of expected payoffs subject to the side contract

to be considered being feasible. The following Proposition delivers a key observation by establishing

the equivalence of the agents’ and labor union’s problems.
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Proposition 2 If (w, ε) ∈ W × E is CC, then (w, ε) ∈ φ(θ, w, ε) for all θ ∈ ∆(I). Moreover, if

(w, ε) ∈ Ψ, then (w, ε) is CC.

Proof. For the first part, suppose that (w, ε) ∈ W ×E is CC. Thus, due to Proposition 1, there

is no (s, e) ∈ C(w, ε), such that Ui(si, e) > Ui(wi, ε) for all i ∈ I. Thus, for all θ ∈ ∆(I), there

is no (s, e) ∈ C(w, ε) such that
∑

i θiUi(si, e) results in a strictly higher value than
∑

i θiUi(wi, ε).

Consequently, (w, ε) ∈ φ(θ, w, ε) for all θ ∈ ∆(I).

For the second part, assume that (w, ε) ∈ Ψ, i.e. (w, ε) ∈ Φ(w, ε). Therefore, there exists

θ ∈ ∆(I) such that (w, ε) ∈ φ(θ, w, ε). Therefore, there is no (s, e) ∈ C(w, ε) such that
∑

i θiUi(si, e)

is strictly higher than
∑

i θiUi(wi, ε) and Ui(si, e) ≥ Ui(wi, ε) for all i (this is because (s, e) must

be in C(w, ε)). Therefore, there is no (s, e) ∈ C(w, ε) such that Ui(si, e) ≥ Ui(wi, ε), for all i, and

Uj(sj, e) ≥ Uj(wj, ε) strictly for some j. Thus, (w, ε) is CC.

While the first part of the following corollary is an immediate consequence to Proposition 2, the

second part can easily be established by using Proposition 2 twice.

Corollary 1 (w, ε) ∈ W × E is CC if and only if (w, ε) ∈ Ψ. Moreover, the following holds: Let

θ, θ′ ∈ ∆(I). (w, ε) ∈ φ(θ, w, ε) implies (w, ε) ∈ φ(θ′, w, ε).

The following is an equivalent formulation of the principal’s problem using Corollary 1:

max
(w,ε)∈IR∩Ψ

UP (w, ε). (2)

We should point out that the principal solving (2) is not restricted to use some exogenously given

bargaining weight profile. More specifically, our model does not impose given values for bargaining

weights. On the other hand, even if we were to deal with a setup where there were such a weight

vector, θ∗ ∈ ∆(I), the principal would neither be required to know, nor be restricted to obey it. If he
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were to find in his best interests to use a contract (ŵ, ε̂) such that (ŵ, ε̂) ∈ φ(θ̂, ŵ, ε̂), for some θ̂ 6= θ∗,

we know due to Corollary 1 that (ŵ, ε̂) ∈ φ(θ∗, ŵ, ε̂). Thus, even if the labor union is using θ∗ when

trying to identify the best side contract to implement, (ŵ, ε̂) would be one of its recommendations,

therefore, it is as if the labor union were to employ the weight profile θ̂.

For the very final step to prove Theorem 1 we employ the following Proposition:

Proposition 3 IR ∩Ψ is nonempty and compact.

Proposition 3 and the continuity of the objective function in the principal’s problem, establishes

the proof of Theorem 1.

Proof of Proposition 3. Nonemptiness of IR∩Ψ follows from Corollary 1 and IR∩CC being

nonempty as was shown at end of section 3.

Compactness of IR ⊂ W ×E is straightforward. Therefore, to establish that IR∩Ψ is compact,

we need to prove that Ψ is so. In other words, it suffices to show that Φ : W ×E � W ×E is upper

hemi continuous, which can be established by showing Φ is nonempty valued, compact valued and

has a closed graph, because W × E is compact.

In order to do that task, we will employ the following three Lemmas to present our steps concisely:

Lemma 1 C : W × E � W × E is nonempty valued, compact valued, upper hemi continuous, and

lower hemi continuous.

Proof of Lemma 1. For the nonemptiness result note that for any (w, ε) ∈ W × E, (w, ε) ∈

C (w, ε), thus, C (w, ε) 6= ∅.

As for C being a compact valued correspondence consider the following: Take any (w, ε) ∈ W×E,

since C(w, ε) is a subset of a compact set W × E, it suffices to show that C (w, ε) is closed. Take

16



any (sn, en)n∈N ⊂ C (w, ε), with (sn, en) → (s, e) . Continuity of (Ui)i∈I on W × E guarantees that

(s, e) ∈ C (w, ε).

For upper hemi continuity take any (w, ε) ∈ W × E, and because that W × E is compact,

and C is a compact valued correspondence, it suffices to show that C has a closed graph. Take

any (wn, εn)n∈N ⊂ W × E, with (wn, εn) → (w, ε), and (sn, en) ∈ C (wn, εn) for all n ∈ N, and

(sn, en) → (s, e). The conclusion that (s, e) ∈ C (w, ε) (hence, C has a closed graph), follows because

W × E is compact and the function profile (Ui)i∈I on W × E is continuous.

Finally, because that W × E is compact in order to establish the lower hemi continuity of C, it

suffices to show that: “for any (w, ε) ∈ W ×E, any (s, e) ∈ C (w, ε), and any (wn, εn)n∈N ⊂ W ×E,

with (wn, εn) → (w, ε)”, it is true that, “there is (sn, en)n∈N ⊂ W × E such that (sn, en) → (s, e)

and (sn, en) ∈ C (wn, εn) , for all n ∈ N”. Since (s, e) ∈ C (w, ε) define ηm, χi ≥ 0 by ηm =(∑
i∈I wi(m)− si (m)

)
, m ∈M; and, χi = (Ui (si, e)− Ui (wi, ε)), i ∈ I. Note that due to pm(e) > 0

for all e ∈ E and for all m ∈ M, for each i, for any (s, e) ∈ C (w, ε), ((ηm)m , (χi)i) is uniquely

determined. For n ∈ N large, define (sn, en)n ⊂ W × E to satisfy
∑

i∈I w
n
i (m) − sn

i (m) = ηm, for

all m = 1, . . . ,M ; and Ui (s
n
i , e

n) − Ui (w
n
i , ε

n) = χi, for all i ∈ I. Note that, (sn, en) is uniquely

determined for n ∈ N. Moreover, as ((ηm)m , (χi)i) are all non–negative, (sn, en) ∈ C (wn, en) for all

n ∈ N. Finally, (sn, en) → (s, e) follows from construction.

Lemma 2 φ : ∆(I) ×W × E � W × E is nonempty valued, compact valued, and is upper hemi

continuous.

Proof of Lemma 2. Lemma 1, and the continuity of the objective function imply that the

result is easily established by the use of the Theorem of Maximum from Berge (1963).

Lemma 3 Φ : W × E � W × E is nonempty valued, compact valued, and has a closed graph.
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Proof of Lemma 3. Nonemptiness is an immediate consequence of Lemma 2.

We first will deal with the result concerning Φ having a closed graph: Take any (w, ε) ∈ W×E; and

(wn, εn)n∈N ⊂ W ×E with (wn, εn) → (w, ε); and any (sn, en)n∈N ⊂ W ×E with (sn, en) ∈ Φ(wn, εn)

for all n ∈ N, and (sn, en) → (s, e). (We need to show that (s, e) ∈ Φ(w, ε).) (sn, en) ∈ Φ(wn, εn) for

all n ∈ N implies that there exists (θn)n∈N ⊂ ∆(I) such that (sn, en) ∈ φ(θn, wn, εn) for all n ∈ N.

Since (θn)n∈N ⊂ ∆(I), and ∆(I) is compact (θn)n∈N has a subsequence, (θn′
)n′∈N ⊂ ∆(I) converg-

ing to θ ∈ ∆(I). Moreover, (θn′
, wn′

, εn′
, sn′

, en′
) → (θ, w, ε, s, e) since (wn, εn, sn, en) converges to

(w, ε, s, e). Because of Lemma 2, φ has a closed graph, consequently, (sn′
, en′

) ∈ φ(θn′
, wn′

, εn′
) for

all n′ ∈ N implies, (s, e) ∈ φ(θ, w, ε). Therefore, (s, e) ∈ Φ(w, ε).

In order to show that Φ is compact valued, it suffices to prove that Φ is closed valued, since

Φ is a subset of a compact set W × E. To that regard, let (w, ε) be in W × E and take any

(sn, en)n∈N ⊂ Φ(w, ε), with (sn, en) → (s, e). Since (sn, en) ∈ Φ(w, ε) for all n ∈ N, there exists

(θn)n∈N ⊂ ∆(I) such that (sn, en) ∈ φ(θn, wn, εn) for all n ∈ N. Now it should be obvious that the

rest of the proof is identical to the one for closed graphness.

The final step in the proof of Proposition 3 is to observe that Φ : W × E � W × E is upper

hemi continuous, since it is nonempty valued, compact valued, and has a closed graph; and W ×E is

compact. Because then, this observation immediately leads to Ψ ⊂ W × E being compact, finishing

the proof.

5 Concluding Remarks: Interior Optimal Wages

The characterization of interior optimal collusion–proof wages will be analyzed in order to conclude

this paper. To that regard in this section we assume strict concavity and differentiability of ui for all
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i, and for simplicity, suppose that the principal is risk neutral. Indeed, then, our setup is covered by

Assumptions (A1.) – (A3.) of Grossman and Hart (1983).

As was shown in Corollary 1, restricting the principal to offer contracts free of collusion can

equivalently be expressed as the principal to be constrained to offer contracts (w, ε) ∈ φ(θ, w, ε) for

some θ ∈ ∆(I). This leads us to the following Lemma under the assumptions of differentiability:

Lemma 4 (w, ε) is CC only if it satisfies the following two conditions:

1. Ui(wi, ε)− Ui(wi, e) ≥ 0, for all i ∈ I and all e ∈ E;

2. There exists θ ∈ ∆(I) such that

θiu
′
i(wi(m)) = θju

′
j(wj(m)), (3)

for all i, j ∈ I and all m ∈M.

The proof of this Lemma consists of checking the first order conditions of φ(θ, w, ε) under the as-

sumption of differentiability, and noticing that (w, ε) trivially satisfies the participation requirement.

Therefore, it is omitted.

In words, it states that (w, ε) is CC whenever (1) there is no room for agents to strictly better

off themselves by jointly deviating to another effort level while getting compensated with w, and (2)

w provides the optimal risk sharing arrangement for the agents.

5.1 Difficulty of a Unique Solution in Agents’ Problem

Even though multiplicity of φ(θ, w, ε), given (w, ε) is CC, was not a problematic issue when dealing

with the question of existence of an optimal contract, to characterize interior optimal contracts we

have to insist that φ(θ, w, ε) = (w, ε) whenever (w, ε) is CC. That is, we must have a unique solution
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to agents’ problem just like it has been pointed out in footnote 3 of Grossman and Hart (1983).

Because otherwise, there could be solutions to φ(θ, w, ε) which do not satisfy the requirements of

Lemma 4, and thus, the reverse of that conclusion would not hold.

This issue arising due to nested maximization problems, is very important, yet in general, quite

cumbersome and often impossible to deal with. In our setting when attention is restricted to finite

effort cases, the only way out of it is simply to ignore it. Nevertheless, one may wonder whether

or not standard techniques (utilizing strict concavity of the objective function and convexity of the

constraint set) to obtain uniqueness can be used. Below, we analyze this question in the simplest

modified version of our model.

We drop the assumption that Ei is finite, but instead, suppose that Ei is a nonempty convex

and compact set for each i ∈ N . In order to preserve continuity, we add the assumptions that

p : E → ∆(M), and ci : E → R are continuous. In addition, ci is assumed to be convex for all i ∈ I.

Note that restricting ci to be strictly convex eliminates a very important case: ci(e) = ci(ei) for all

i ∈ I and all e ∈ E.5

Recall that Ui is strictly concave if for all τ ∈ (0, 1) and all (w, e) and (w′, e′),

Ui(τwi + (1− τ)w′
i, τe

′ + (1− τ)e′) > τUi(w, e) + (1− τ)Ui(w
′, e′).

A nontrivial sufficient condition (emerging during the required steps) to guarantee strict concavity

of Ui for all i ∈ I is for p to satisfy condition P : If for any τ ∈ (0, 1), and any e, e′ ∈ E with e 6= e′,

and for any (αm, βm)m∈M ∈ R2∗M

∑
m

pm(τe+ (1− τ)e′)(ταm + (1− τ)βm) ≥
∑
m

pm(e) (ταm) + pm(e′) ((1− τ)βm) . (4)

5To see why, pick i ∈ I and let ε = (εi, ε−i) and ε′ = (εi, ε
′
−i) be both in E, and λ ∈ (0, 1). If cj were to be strictly

convex for all j, for agent i we would have the following: ci(λ ε +(1− λ) ε′) > ci(εi, λ ε−i +(1− λ) ε′−i).
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Notice that αm corresponds to ui(wi(m)) and a similar relation holds for βm and ui(w
′
i(m)). The

next Lemma provides bad news to tackle the non–uniqueness problem we face:

Lemma 5 A function p is continuous and satisfies condition P if and only if it is constant.

Proof. 6 The if part of is trivial. For the only if part of the Lemma: Suppose, in order to

reach a contradiction, that p is not constant. Then, let e, e′, and m′ be such that p(e) 6= p(e′), and

pm′(e) > pm′(e′). Let βm = 0 for all m, and αm = 0 for all m 6= m′ and αm′ = 1. Then, (4) becomes

pm′(τe+ (1− τ)e′)τ ≥ pm′(e)τ.

Since we are allowed to choose τ > 0, but arbitrarily close to 0, continuity of p implies, pm(e′) ≥ pm(e),

contradicting with pm′(e) > pm′(e′).

Therefore, even in an ideal modification to our model to use standard techniques employing

strict concavity (of objective functions) and convexity (of constraint sets), the above shows that

uniqueness cannot be obtained easily. Indeed, the naturally emerging sufficient condition, condition

P, is equivalent to restricting attention to constant probability distributions, which of course cannot

be justified in the scope of this model.

5.2 A Simple Characterization

In order to give a clean presentation we will ignore the issue of non–uniqueness in agents’ problem,

and for simplicity, analyze cases with finitely many effort levels in which the reverse direction of

Lemma 4 also holds.

That is, given w̄ ∈ RM (recall that w̄(m) =
∑

iwi(m)) and θ ∈ ∆(I), equation 3 of Lemma 4 is

6I thank my close friend and co–author Guilherme Carmona who provided help and insight in this proof.
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required to produce a unique solution for the agents’ problem, denoted by wA ∈ RM∗N .7 Therefore,

we will assume the following: Given w̄ ∈ RM , and θ ∈ ∆(I), and equation 3 of Lemma 4, wA ∈ RM∗N

is uniquely determined such that

wA
i (m) = fi(w̄(m), θ) (5)

for all i ∈ I and m ∈ M, where fi is continuously differentiable. For notational purposes, we let

fi,0(w̄(m), θ) = ∂fi(w̄(m),θ)
∂w̄(m)

, and fi,j(w̄(m), θ) = ∂fi(w̄(m),θ)
∂θj

, j ∈ I. It can be easily established that

due to ui being strictly increasing, fi,0 ≥ 0. In the case of N agents with a common CES (constant

elasticity of substitution) utility function (given by CES coefficient σ), equation 3 of Lemma 4 delivers

the following: For any m ∈M

fi(w̄(m), θ) =
θ

1
σ
i∑

j∈I θ
1
σ
j

w̄(m).

Moreover, when all the agents have ln utility functions:

fi(w̄(m), θ) = θiw̄(m),

for all i ∈ I and m ∈M.

Under these assumptions, the risk neutral principal can predict the unique outcome of the bar-

gaining among agents for a given (θ, w, ε). Thus, his problem reduces to

max
θ,w̄,ε

M∑
m=1

pm (ε) (xm − w̄(m)) .

subject to IR, condition 1 of Lemma 4, feasibility constraints (
∑

j∈I θj = 0, θi ≥ 0 for all i, and θi ≤ 1

for all i), and equation 5. After substituting equation 5 into the problem, for the other constraints,

7Even when standard payoff functions are used this is a rather difficult requirement. For example, when there are two

agents with CES (constant elasticity of substitution) utilities given by ui(x) = x1−σi

1−σi
for i = 1, 2, w = (w1(m), w2(m))

must satisfy w2(m) =
(

θ2
θ1

) 1
σ2 (w1(m))

σ1
σ2 , and w1(m)+w2(m) = w̄(m) for all m ∈M. That is, the following equation

might have more than one root: w1(m) +
(

1−θ1
θ1

) 1
σ2 (w1(m))

σ1
σ2 − w̄(m) = 0.
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we let the LaGrangian multipliers be µi, λi,e, ψ, ζi, and ηi, respectively. Moreover, we denote the

optimal effort profile by ε∗ and the optimal cumulative wage by (w̄∗
ε∗(m))m∈M.

Analyzing the first order conditions of the principal’s problem reveals that for the optimal effort

profile ε∗ ∈ E,

1 =
∑
i∈I

µiu
′
i(fi(w̄

∗
ε∗(m), θ))fi,0(w̄

∗
ε∗(m), θ) (6)

+
∑
e∈E

((
pm(ε∗)− pm(e)

pm(ε∗)

)∑
i∈I

λi,eu
′
i(fi(w̄

∗
ε∗(m), θ))fi,0(w̄

∗
ε∗(m), θ)

)
,

for all m ∈M, and

∑
j∈I

µj

(∑
m

pm(ε∗)u′j(fj(w̄
∗
ε∗(m), θ))fj,i(w̄

∗
ε∗(m), θ)

)
(7)

+
∑

e

∑
j

λj,e

(∑
m

(pm(ε∗)− pm(e))u′j(fj(w̄
∗
ε∗(m), θ))fj,i(w̄

∗
ε∗(m), θ)

)
−ψ + ζi − ηi = 0,

for all i in I.

In case of N colluding agents all with ln utility functions, the following proves that it is as if the

principal faces a single, representative, agent only with incentive compatibility and (an aggregate)

individual rationality constraints: With ln utility functions, fi(w̄, θ) = θiw̄, thus, equation 6 reduces

to:

w̄∗
ε(m) =

∑
i

µi +
∑

i

∑
e

λi,e

(
pm(ε)− pm(e)

pm(ε)

)
,

for all m ∈ M. Similarly, for any θ in the interior of ∆(I), the multipliers ζi and ηi are equal to 0,

and consequently equation 7 is simplified to µi = θiψ. Combining these two equations we get

w̄∗
ε∗(m) = ψ +

∑
e

(
pm(ε∗)− pm(e)

pm(ε∗)

)
λ(e),

where λ(e) ≡
∑

i λi,e.
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Examining equations 6 and 7 reveals that, the aggregation result for the ln case, however, cannot

easily be generalized. Indeed, the fact that all agents have the same utility function and that fi has a

particularly nice form (fi,j = 0 as long as i 6= j, i, j ∈ I) is what simplifies this analysis.

Next, we turn our attention to the analysis of a sufficient condition in order to obtain weakly

increasing optimal wages. Suppose that {x1, . . . , xM} ∈ RM is such that x1 < x2 < . . . < xM .

Recall that the monotone likelihood ratio property, henceforth MLR, at an effort profile ε, states that(
pm(ε)−pm(e)

pm(ε)

)
is strictly increasing in m for all e 6= ε. In words, it states that the principal should

infer more positive information that ε was the agents’ choice, as m increases. Let w∗
i (m, θ, ε

∗) be

the optimal collusion–proof compensation of player i in state m with bargaining weights θ, when

the effort profile the principal wants agents to choose is ε∗. The following observation (covering the

ln case) supplied without proof, is due to strict concavity of ui for all i ∈ I, and u′i, fi,0 being all

nonnegative for all i ∈ I: Suppose that MLR holds at ε∗, and fi,0 is non–decreasing in w̄(m) for all

i ∈ I. Then, w∗
i (m, θ, ε

∗) is weakly increasing in m.
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