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Abstract. We present a general method to formalize action domains with numeric-
valued fluents whose values are incremented or decremented by executions of
actions, and show how it can be applied to the action description languageC+
and to the concurrent situation calculus. This method can handle nonserializable
concurrent actions, as well as ramifications on numeric-valued fluents, which are
described in terms of some new causal structures, called contribution rules.

1 Introduction

Numeric-valued fluents are used for describing measurable quantities, such as weight,
money, memory. In many cases, the values of such fluents are incremented/decremented
by the execution of actions, such as adding/removing some weight, depositing/with-
drawing some money, or allocating/deallocating memory. How to compute the value of
a numeric-valued fluent after a concurrent execution of several such actions, possibly
with indirect effects, is the question we study in this paper. We consider true concur-
rency: actions occur at the same time and may not be serializable (i.e., their effect may
not be equivalent to the effect of executing the same actionsconsecutively in any order).
For instance, consider two boats towing a barge upriver by applying forces via cables
tied to the barge, where the force applied by either boat is not enough to move the barge
against the current of the river; here the concurrent actionof two boats applying forces
can not be serialized. True concurrency makes the problem more challenging, because
actions that are individually executable may not be executable concurrently, e.g., due to
conflicting effects, and actions that are individually nonexecutable may be executable
concurrently, e.g., due to synergistic effects, like in theexample above.

This question is important for real-world applications that involve reasoning tasks,
like planning or prediction, related to resource allocation. For instance, allocation of
memory storage for use by computer programs is one such application. It is also im-
portant for applications that involve modeling the behavior of physical systems. For in-
stance, how water pressure changes at a piston when some water is pumped from above
and some force is applied from the bottom is important for modeling the behavior of a
hydraulic elevator.

There are several planning systems designed to work in concurrent domains with
resources, like [1–3]. However, they consider a simpler concurrency: they either re-
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quire the serializability of actions, or that no concurrentaction contain two actions, one
producing and the other consuming the same resource.

Lee and Lifschitz [4] show, in the action languageC+ [5], how to formalize action
domains involving additive fluents—numeric-valued fluents on which the effect of a
concurrent action is computed by adding the effects of its primitive actions. However,
since additive fluents range over finite sets, a concurrent action is executable only if its
effect on each additive fluent is in that fluent’s range, and itis not easy to handle indirect
effects of actions (ramifications) on additive fluents (e.g., an indirect effect of adding
too much water into a small container is an increase in the amount of water in a large
container, into which the excess water overflows from the small container). Similarly,
[6] defines the cumulative direct effects of concurrent actions on additive fluents, in an
extension of the action languageA [7]; however, it is not easy to handle ramifications
(not only the ones on numeric-valued fluents) in this formalism.

In [8], the authors show, in the concurrent situation calculus [9], how to formalize
action domains containing numeric-valued fluents, that do not require serializability of
actions, and that take into account ramifications caused by too much increase/decrease
of a numeric-valued fluent. However, with this formalization, it is not easy to capture
other forms of ramifications (e.g., whenever the amount of water increases in the large
container, the force towards the bottom of the container increases).

In this paper, we present a general method to formalize action domains with numeric-
valued fluents whose values are incremented/decremented byexecutions of actions.
This method is applicable to both the concurrent situation calculus and the action lan-
guageC+; and thus can be used with the reasoning systemsCCALC andGOLOG. The
idea is to compute the total effect of a concurrent action on anumeric-valued fluent, in
terms of the direct and the indirect effects of its primitiveactions on that fluent, while
also taking into account the range restrictions (e.g., the capacity of the small container).

To describe direct effects, like in [4, 8], we introduce new constructs and functions
in the original formalisms. To describe ramifications, likein [10–12], we introduce an
explicit notion of causality, specific for numeric-valued fluents. We characterize this
notion bycontribution rules, motivated by the equation-like causal structures of [13,
14, 8]. With contribution rules, both forms of ramificationsabove can be handled. The
idea of introducing these new constructs is to be able to represent effects of actions on
numeric-valued fluents concisely. Semantically these constructs are treated as “macros”
on top of the original formalisms; like the constructs introduced in [4] and in [8], they
are compiled into causal laws or formulas in the original formalisms.

The paper consists of three parts. The first two parts describe how action domains
with numeric-valued fluents can be formalized in the action languageC+ and in the con-
current situation calculus, using the new constructs; the semantics of these constructs is
defined by showing how to treat them as abbreviations in the original formalims. The
third part includes a comparison of these two formalizations, and a discussion of related
work. Appendix contains the proofs, and theCCALC andGOLOG files describing our
running example.
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2 The Action Description LanguageC+

We briefly describe the action description languageC+ of [5] below.
We start with a set of symbols, calledconstants; each constante is associated with

a nonempty finite setDom(e) of symbols. The constants are divided into two:fluent
constantsandaction constants. An atom is an expression of the forme = v where
e is a constant andv ∈ Dom(e). We usee (respectively,¬e) instead ofe = true
(respectively,e = false). A formula is a propositional combination of atoms. Afluent
formula(respectively, anaction formula) is a formula such that all constants appearing
in it are fluent (respectively, action) constants.

The action description languageC+ consists of three kinds of expressions (called
causal laws): static lawsof the form

causedφ if ψ (1)

whereφ andψ are fluent formulas;action dynamic lawsof the form (1) whereφ is an
action formula andψ is a formula; andfluent dynamic lawsof the form

causedφ if ψ after ρ (2)

whereφ andψ are fluent formulas, andρ is a formula. Anaction descriptionis a set
causal laws.

The meaning of an action description can be represented by a transition diagram—a
directed graph whose every vertex denotes a state and every edge denotes transitions
due to action occurrences. (See [5] for a more precise definition and an example.)

In the next sections we use the following three constructs, each standing for some
causal laws as shown in [5]. Ifa is a boolean action constant, then we can describe that
a is not executable ifφ, by the expression

nonexecutablea if φ;

we can express thata is exogenous (i.e., the causes of the occurrence or nonoccurrence
of the actionc is not given in the action domain description) by

exogenousa;

We can describe that the value of a fluent constantf is v by default, with the expression

default f = v.

3 Describing Additive Fluents in the Action LanguageC+

To formalize action domains with additive fluents, we extendthe action description
languageC+, similar to [4].

Additive fluentsAccording to this extension, some numeric-valued fluent constants can
be designated asadditive. Each additive fluent constant has a finite set of numbers as its
domain. As in [4], we understand numbers as symbols for elements of any set with an
associative and commutative operation+ that has a neutral element0; in particular, we
consider the additive group of integers (since this case canbe implemented forCCALC).
We suppose that the domain of each additive fluent constantf is specified as a range
[Lf , Uf ], so that, at any state,Lf ≤ f ≤ Uf . We suppose that heads of causal laws do
not contain any additive fluent constants.
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Direct effects of actionsDirect effects of a boolean action constanta on an additive
fluentf are expressed byincrement lawsof [4], expressions of the form

a incrementsf by n if ψ (3)

wheren is an integer andψ is a fluent formula. We drop the ‘if ψ’ part if ψ ≡ ⊤; we
call f the headof the causal law. Intuitively, an increment law of form (3) expresses
that, ifψ holds, the direct contribution of the actiona to the value of the additive fluent
f is n. The idea is then, to compute the cumulative direct contribution of concurrently
executed primitive actions to the value of an additive fluentf , denotedDContr(f), by
adding the direct contributions of those primitive actionsto f . Translation of these laws
into causal laws is different from that of [4] (see the definition of DContr in the next
section).

Preconditions of actionsWe describe preconditions of actions with thenonexecutable
construct of [5]. For instance, the expression

nonexecutableMove(A,B) if ¬Clear(B)

describes that moving BlockA onto BlockB is not possible ifB is not clear.

Ramifications on additive fluentsRamifications on an additive fluentf are described
by contribution rules, expressions of the form:

f
⊕
←− E(h) (4)

whereh is one of the additive fluents thatf depends on,E is a numeric-valued func-
tion, and⊕ is an element of{+,−,++,+−,−+,−−}; we call f the headof the
rule. These rules allow us to describe both kinds of ramifications mentioned in the
introduction. The first kind of ramifications is expressed with ⊕ = + or ⊕ = −.
The meaning of a rule of form (4) with⊕ = + (respectively, with⊕ = −) can
be described as follows: whenever the sum of the direct and indirect contributions
of a concurrent action toh, when added toh, exceeds the upper boundUh (respec-
tively, goes beyond its lower boundLh), that action indirectly contributes tof by the
amountE(DContr(h) + IContr(h) − TContr(h)), whereIContr(h) denotes the indi-
rect contribution of a concurrent action toh, andTContr(h) denotes the total contri-
bution of a concurrent action toh respecting the range restriction[Lh, Uh]. Intuitively,
DContr(h) + IContr(h) − TContr(h) describes the excess amount being contributed
to h.

The other form of ramifications is expressed with⊕ ∈ {++,+−,−+,−−}. A rule
of form (4) with⊕ = ++ (respectively, with⊕ = +−) expresses that whenever there is
an increase (respectively, decrease)n in the value ofh, i.e.,TContr(h) = n, the value
of f increases (respectively, decreases) byE(n); the rules with⊕ ∈ {−+,−−} are
similar, but they specify a decrease in the value off . This form of ramification, unlike
the one above, is not due to the range restrictions imposed onthe values of fluents,
although these restrictions must be satisfied at all times.

The indirect contribution of an action to an additive fluentf is the sum of the in-
creases/decreases described by the contribution rules with the headf .

Once the direct and indirect contributions of a concurrent action to an additive fluent
f are computed, we can compute the total contribution of that action tof as follows. If
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f appears on the right hand side of a contribution rule of form (4) with⊕ = +,−, then
we addDContr(f) andIContr(f), considering the range restriction[Lf , Uf ]:

TContr(f) =







Uf−f if DContr(f)+IContr(f) > Uf−f
Lf−f if DContr(f)+IContr(f) < Lf−f
DContr(f)+IContr(f) otherwise.

Otherwise, we do not need to consider the range restriction,andTContr(f) is defined
asDContr(f)+IContr(f).

We consider action domains only where the causal influence among fluents is acyclic.
Here is an example.

Example 1.Consider three containers, small, medium, and large, for storing water. The
small container is suspended over the medium, and the mediumcontainer is suspended
over the large so that, when the small (respectively, medium) container is full of water,
the water poured into the small (respectively, medium) container overflows into the
medium (respectively, large) container. Suppose that there are three taps: one directly
above the small container, by which some water can be added tothe containers from
an external source, one on the small container, by which somewater can be released
into the medium container, and a third tap on the large container to release water to the
exterior. Suppose also that one unit increase (respectively, decrease) of water in the large
container increases (respectively, decreases) the amountof force applied downwards to
the bottom of the large container by two units. Also assume that some force is exerted
upwards at the bottom of the large container, e.g., by a piston, to lift it up.

A formalization of this action domain in the extendedC+ is presented in Figure 1.
Here the additive fluent constantsSmall, Medium, andLarge describe the amount of
water in each container;Forcedescribes the force exerted upwards at the bottom of the
large container. The boolean action constantAddS(n) describes the action of adding
n units of water to the small container by opening the tap over it; ReleaseS(n) and
ReleaseL(n) describe the action of releasingn units of water from the small, respec-
tively large, container by opening its tap; andExert(n) represents the action of exerting
n amount of force upwards.

Suppose that the range restrictions are specified as follows: LSmall = LMedium =
LLarge = 0, LForce = −8, USmall = 2, UMedium = 3, ULarge = 4, UForce = 8. If initially
Small = Medium = Large = 1, Force = −2, then, after executing the concurrent
action c = {AddS(8),ReleaseS(1),ReleaseL(2),Exert(8)}, the values of fluents are
computed byCCALC as follows:Small= 2,Medium= 3,Large= 4,Force= 0.

Indeed, the direct effect ofc on Small is the sum of the direct contributions of
its primitive actions (described by the increment laws withthe headSmall, in Fig-
ure 1): DContr(Small) = 8 − 1 = 7. Since there is no contribution rule with the
headSmall, in Figure 1, there is no ramification on it:IContr(Small) = 0. Since
Small+ DContr(Small) + IContr(Small) = 7 exceeds the capacity of the small con-
tainer, the total contribution ofc to Smallis just the amount that fills the small container:
TContr(Small) = USmall−Small= 2− 1 = 1. Then the value ofSmallafter the execu-
tion of c is 2.

On the other hand, since the functionE in Medium
+
←− Smallis the identity func-

tion, the indirect contribution ofc to Mediumis the amount of the excess water over-
flown into the medium container:DContr(Small) + IContr(Small)− TContr(Small) =
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Notation:n ranges over{Min, .., Max} anda ranges over action constants.

Action constants: Domains:
AddS(n), ReleaseS(n), ReleaseL(n), Exert(n) Boolean

Additive fluent constants: Domains:
Small {LSmall, .., USmall}
Medium {LMedium, .., UMedium}
Large {LLarge, .., ULarge}
Force {LForce, .., UForce}

Causal laws: AddS(n) incrementsSmall by n

ReleaseS(n) incrementsSmall by − n

ReleaseS(n) incrementsMedium by n

ReleaseL(n) incrementsLarge by − n

Exert(n) incrementsForce by n

nonexecutableAddS(n) if AddS(n′) (n 6= n′)
nonexecutableReleaseS(n) if ReleaseS(n′) (n 6= n′)
nonexecutableReleaseL(n) if ReleaseL(n′) (n 6= n′)
nonexecutableExert(n) if Exert(n′) (n 6= n′)

exogenousa

Contribution rules:
Medium

+
←− Small Large

+
←− Medium

Force
+−

←− 2× Large Force
−+
←− 2× Large

Fig. 1.Containers domain described in the extended C+.

7+0−1 = 6. Since the direct contribution ofc to Mediumis 1, the total contribution of
c to Mediumis just the amount that fills the medium container:TContr(Medium) = 2.
Then, after the execution ofc, Medium= 3.

Similarly, the direct and indirect contributions ofc to Large can be computed as
follows: DContr(Large) = −2, IContr(Large) = 5. SinceLargedoes not appear on the
right hand side of a contribution rule of form (4) with⊕ = +,−, the total contribution
of c to Large is simply the addition of these two:TContr(Large) = 3. Then the value
of Largeafter the execution ofc is 4.

Since the total contribution ofc to Largeis 3, and since the functionE in Force
−+
←−

2 × Large is (λx.2 × x), the indirect contribution ofc to Force is −(2 × 3) = −6.
Since the direct contribution ofc to Force is +8, the total contribution ofc to Force is 2.
Therefore, the value ofForceafter the execution ofc is 0.

4 Obtaining an Action Description

To obtain an action description inC+ from a formalization of an action domain like in
Figure 1, we translate increment laws, and contribution rules into causal laws as follows.

1. To describe the direct effects of primitive actions, firstwe introduce new action
constants,Contr(a, f), of sort integer, wherea is an action constant andf is an
additive fluent constant; an atom of the formContr(a, f) = v expresses that the
actiona contributes tof by the amountv. We defineContr(a, f) to be 0 by default:
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default Contr(a, f) = 0.

Then we replace every increment law (3) with

causedContr(a, f) = n if a ∧ ψ.

2. To describe the cumulative effects of concurrent actions, we introduce new action
constants,DContr(f), IContr(f), TContr(f), of sort integer, wheref is an addi-
tive fluent constant. Intuitively, an atom of the formDContr(f) = v (respectively,
IContr(f) = v) expresses that the direct (respectively, indirect) contribution of a
concurrent action tof is v. An atom of the formTContr(f) = v expresses that the
total contribution of a concurrent action tof is v.

We defineDContr(f) as follows:

causedDContr(f) =
∑

a va if
∧

a Contr(a, f) = va

whereMin ≤
∑

a va ≤ Max.

Let us denote byC the set of all contribution rules. We defineIContr(f) to be 0 by
default:

default IContr(f) = 0.

Then we translate contribution rules inC into the causal laws:

causedIContr(f) = v if v =
∑

f
+
←−E(h)∈C

E(IContr(h)+DContr(h)−TContr(h))

−
∑

f
−

←−E(h)∈C
E(IContr(h)+DContr(h)−TContr(h))

+
∑

f
++
←−E(h)∈C,TContr(h)>0

E(TContr(h))

+
∑

f
+−

←−E(h)∈C,TContr(h)<0
E(TContr(h))

−
∑

f
−+
←−E(h)∈C,TContr(h)>0

E(TContr(h))

−
∑

f
−−

←−E(h)∈C,TContr(h)<0
E(TContr(h)) (Min ≤ v ≤ Max).

For instance, with the contribution rules in Figure 1, forMedium, we add

causedIContr(Medium) = v if
IContr(Small)+DContr(Small)−TContr(Small) = v (Min ≤ v ≤ Max).

If f appears on the right hand side of a contribution rule of form (4), then we define
TContr(f) by adding the direct and indirect contributions of actions,respecting the
range restriction[Lf , Uf ]:

causedTContr(f)=v+v′ if DContr(f)=v ∧ IContr(f)=v′

(Lf ≤ v+v
′+f ≤ Uf )

causedTContr(f)=Uf−f if DContr(f)=v ∧ IContr(f)=v′ (v+v′+f > Uf )
causedTContr(f)=Lf−f if DContr(f)=v ∧ IContr(f)=v′ (v+v′+f < Lf )

such that the values assigned toTContr(f) are in the range[Min,Max]. Otherwise,
we defineTContr(f) simply by adding the direct and indirect contributions of ac-
tions, i.e., by the first set of causal laws above.
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3. To determine the value of an additive fluent constantf after an execution of a
concurrent action, we add

causedf = v + v′ if ⊤ after f = v ∧ TContr(f) = v′ (Min ≤ v+v′ ≤ Max).

With the translation above, the meaning of an action descriptionD in the extended
C+ can be represented by the transition diagram described by the action descriptionD′

obtained fromD as described above (see [7] for a definition of a transition diagram).
Then a queryQ (in a query language, likeR [7]), which describes a planning problem,
a prediction problem, etc., is entailed byD if Q is entailed byD′. This allowed us to
compute the values of additive fluents in Example 1 usingCCALC.

5 The Concurrent Situation Calculus

The concurrent situation calculus is a second-order language with equality. It has four
sorts:action for primitive actions,concurrentfor concurrent actions,situationfor sit-
uations, andobject for objects in the domain. Intuitively, situations are sequences of
concurrent actions representing possible evolutions of the world. Concurrent actions
are (possibly infinite) sets of primitive actions. In addition to the standard logical sym-
bols and connectives, the language includes:

– variable symbols of each sort;4

– a constantS0 of sortsituationdenoting the initial situation;
– a function symboldo : (concurrent×situation) 7→ situationto denote the situation

that results after the execution of a sequence of actions;
– a predicate symbol⊏ situation× situation, with s ⊏ s′ meaning that situations

precedess′;
– functions of the formA(x) of sortaction(with argumentsx of sortobjectn), which

denote primitive actions;
– predicates of the formF (x, s) and functions of the formf(x, s), with the last ar-

guments always being of sortsituation, which denoterelational fluentsandfunc-
tional fluents, i.e., properties of the world that change as a result of the execution
of actions; and

– a predicate symbolPossof sort(action∪ concurrent)× situation, which is used to
describe whether a primitive or concurrent action is possible in a situation.

Sets and reals are not axiomatized; their standard interpretation, including their opera-
tions and relations, is considered.

A basic action theoryis composed of five sets of axioms:

1. Fourfoundational axiomsthat are domain-independent:

do(c1, s1) = do(c2, s2) ⊃ c1 = c2 ∧ s1 = s2,

(∀P )P (S0) ∧ (∀c, s)[P (s) ⊃ P (do(c, s))] ⊃ (∀s)P (s),
¬s ⊏ S0,

s ⊏ do(c, s′) ≡ s ⊏ s′ ∨ s = s′.

4 In the situation calculus constructs below, lower-case Roman letters denotevariables. We use
s, a, c andx, possibly with superscripts and subscripts, for variables of sortssituation, action,
concurrent, andobject. Unless stated otherwise, variables are implicitly universally prenex
quantified.
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2. For each primitive actionA(x), anaction precondition axiomof the form:

Poss(A(x), s) ≡ ΠA(x, s)

whereΠA(x, s) is a formula uniform ins.5 Minimal Poss requirements for con-
current actions are as follows:

Poss(a, s) ⊃ Poss({a}, s), (5)

Poss(c, s) ⊃ (∃a)a ∈ c ∧ (∀a)[a ∈ c ⊃ Poss(a, s)]. (6)

3. For each relational fluentF (x, s), asuccessor state axiomof the form:

F (x,do(c, s)) ≡ γ+
F (x, c, s) ∨ F (x, s) ∧ ¬γ−F (x, c, s)

whereγ+
F (x, c, s) andγ−F (x, c, s) are formulas uniform ins. Similarly, for each

functional fluentf(x, s), a successor state axiom of the form:

f(x,do(c, s)) = y ≡
γf (x, y, c, s) ∨ f(x, s) = y ∧ ¬(∃y′)γf (x, y

′, c, s).

4. Unique names axioms for actions, such asmove(x, y) 6= pickup(x).
5. Axioms describing the initial situation of the world: a finite set of sentences uniform

in S0.

6 Describing Additive Fluents in the Concurrent Situation
Calculus

To formalize action domains with additive fluents, we extendthe concurrent situation
calculus, as in [8].

Additive fluentsAccording to this extension, some functional fluents that range over
numbers (not necessarily integers) can be designated asadditive. For each additive flu-
ent f , we understand a given range[Lf , Uf ] as follows: in every situations, Lf ≤
f(s) ≤ Uf .

Direct effects of actionsFor describing direct effects of actions on additive fluents, we
introduce a functioncontrf (x, a, s) for each additive fluentf . Intuitively,contrf (x, a, s)
is the amount that the actiona contributes tof when executed in situations. In the
following, free variables are implicitly universally quantified. We describe the direct
effects of primitive actions on additive fluents by axioms ofthe form:

κf (x, v, a, s) ⊃ contrf (x, a, s) = v (7)

whereκf (x, v, a, s) is a first-order formula whose only free variables arex, v, a, s,
doesn’t mention functioncontrg for any g, ands is its only term of sort situation. If
there is no axiom (7) describing the effect of an actiona on an additive fluentf , we
assume that the direct contribution ofa to f is zero. This assumption allows us to
derive, for each functioncontrf , a definitional axiom:

contrf (x, a, s) = v ≡ κf (x, v, a, s) ∨ v = 0 ∧ ¬(∃v′)κf (x, v
′, a, s).

5 A formula uniform ins does not contain any situation term other thans. (See Definition 4.4.1
of [9].)
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Notation: n, n′, v are object (number) variables,s is a situation variable,a, a′ are action
variables, andc is a concurrent variable.

Action functions:addS(n), releaseS(n), releaseL(n), exert(n).

Additive fluent functions: Ranges:
small [Lsmall, Usmall]
medium [Lmedium, Umedium]
large [Llarge, Ularge]
force [Lforce, Uforce]

Direct effect axioms:
(∃n)[a = addS(n) ∧ v = n] ⊃ contrsmall(a, s) = v

(∃n)[a = releaseS(n) ∧ v = −n] ⊃ contrsmall(a, s) = v

(∃n)[a = releaseS(n) ∧ v = n] ⊃ contrmedium(a, s) = v

(∃n)[a = releaseL(n) ∧ v = −n] ⊃ contrlarge(a, s) = v

(∃n)[a = exert(n) ∧ v = n] ⊃ contrforce(a, s) = v

Preconditions of actions:
Poss(a, s)
conflict(c, s) = (∃n, n′).[addS(n) ∈ c ∧ addS(n′) ∈ c ∧ n 6= n′]∨

[releaseS(n) ∈ c ∧ releaseS(n′) ∈ c ∧ n 6= n′]∨
[releaseL(n) ∈ c ∧ releaseL(n′) ∈ c ∧ n 6= n′]∨
[exert(n) ∈ c ∧ exert(n′) ∈ c ∧ n 6= n′]

Contribution rules:
medium

+
←− small large

+
←− medium

force
+−

←− 2× large force
−+
←− 2× large

Fig. 2.Containers domain described in the extended concurrent situation calculus.

Preconditions of actionsWe describe preconditions of primitive actions as in [9]. For
preconditions of a concurrent actionc, we describe by a formulaconflict(c, s) the con-
ditions under which the primitive actions inc conflict with each other. This is required
to handle cases where a set of primitive actions each of whichis individually possible
may be impossible when executed concurrently.

Ramifications on additive fluentsAs in the languageC+, we consider two kinds of
ramifications on numeric-valued fluents, and we express themby acyclic contribution
rules (4), wheref andh do not contain a situation term.

For instance, Figure 2 shows a formalization of the containers example in this ex-
tended version of the concurrent situation calculus. With such a formalization, we can
compute the values of fluents, as in Example 1, usingGOLOG.

7 Obtaining a Basic Action Theory

From a formalization of an action domain, like in Figure 2, wecan obtain a basic action
theory in the concurrent situation calculus as follows.

1. We consider the foundational axioms of [9].
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2. From the preconditions of primitive actions, conflicts between actions, and range
restrictions on additive fluents, we can formalize preconditions of a concurrent ac-
tion c as in [8], by an axiom of the form

Poss(c, s) ≡
(∃a)(a ∈ c) ∧ (∀a ∈ c)Poss(a, s) ∧ ¬conflict(c, s) ∧R1[RC(do(c, s))].

Denoted byR1[W ] is a formula equivalent to the result of applying one step of
Reiter’s regression procedure [9] onW . We useRC(s) to denote the conjunction
of the range constraints on each additive fluentf (i.e.,

∧

f Lf ≤ f(s) ≤ Uf ) con-
joined with additional qualification constraints if given.By this way, a concurrent
action is possible if it results in a situation that satisfiesthe range constraints on
additive fluents. For Example 1,

RC(s) = Lsmall≤ small(s) ≤ Usmall∧ Lmedium≤ medium(s) ≤ Umedium∧
Llarge ≤ large(s) ≤ Ularge∧ Lforce≤ force(s) ≤ Uforce.

3. From the direct effect axioms and contribution rules in such a formalization, we
can derive successor state axioms for additive fluents by thesame kind of transfor-
mation in [9], which is based on an explanation closure assumption.
First, we express the cumulative effects of actions onf , by adding the direct and
indirect contributions of actions onf , respecting the given range[Lf , Uf ]. For each
additive fluentf , we introduce three new functions:dContrf , iContrf , andtContrf .
Intuitively, dContrf (x, c, s) describes the cumulative direct contributions of prim-
itive actions inc at a situations:

dContrf (x, c, s) =
∑

a∈c

contrf (x, a, s).

The indirect contribution of a concurrent actionc on f at a situations is described
by iContrf (x, c, s), relative to a setC of contribution rules:

iContrf (x, c, s) =
∑

f
+
←−E(h)∈C

E(iContrh(y, c, s) + dContrh(y, c, s)− tContrh(y, c, s))

−
∑

f
−

←−E(h)∈C
E(iContrh(y, c, s) + dContrh(y, c, s)− tContrh(y, c, s))

+
∑

f
++
←−E(h)∈C,tContrh(y,c,s)>0

E(tContrh(y, c, s))

+
∑

f
+−

←−E(h)∈C,tContrh(y,c,s)<0
E(tContrh(y, c, s))

−
∑

f
−+
←−E(h)∈C,tContrh(y,c,s)>0

E(tContrh(y, c, s))

−
∑

f
−−

←−E(h)∈C,tContrh(y,c,s)<0
E(tContrh(y, c, s)).

For instance, relative to the contribution rules in Figure 2:

iContrmedium(c, s) = iContrsmall(c, s) + dContrsmall(c, s)− tContrsmall(c, s).

After defining direct and indirect contributions of actionson an additive fluentf ,
we can define the total contribution of actions as follows. Iff appears on the right
hand side of a contribution rule of form (4), then we add the direct and indirect
contributions of actions respecting the range restriction[Lf , Uf ]:
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tContrf (x, c, s) =







Uf−f(x, s) if sumf > Uf−f(x, s)
Lf−f(x, s) if sumf < Lf−f(x, s)
sumf otherwise

wheresumf stands fordContrf (x, c, s) + iContrf (x, c, s). Otherwise, the total
contribution of actions is simply the sum of the direct and indirect contributions of
actions, i.e.,sumf .
Finally, we define the successor state axiom for an additive fluentf :

f(x,do(c, s)) = f(x, s) + tContrf (x, c, s).

4. From the given action functions, we can obtain unique names axioms, likeaddS(n) 6=
releaseS(n′), etc.

5. We suppose that a description of the initial world is given.

8 Comparing the Two Formalizations

We have described how to formalize an action domain with additive fluents, in two
formalisms: the action languageC+ and the concurrent situation calculus. We can see
in Figures 1 and 2 that two such formalizations look similar.In fact, under some con-
ditions, a formalizationD of an action domain in the extended version ofC+ and a
descriptionI of the initial world can be translated into an action theorysit(D, I) in
the extended version of the concurrent situation calculus,such that, for every additive
fluentf and for every concurrent actionc, the value off after execution ofc is the same
according to each formalization.

Suppose thatD consists of the following:

– additive fluent constantsF1, . . . , Fm, eachFi with the domain{LFi
, ..., UFi

} (Min ≤
LFi

, UFi
≤ Max); and boolean action constantsA1, . . . , Am′ ;

– increment laws of form (3) wherea is a boolean action constant,f is an additive
fluent constant,n is an integer, andψ is true;

– preconditions of actions of the form

nonexecutablea if ψ (8)

whereψ is a conjunction of atoms that does not contain the action constanta.
– acyclic contribution rules of form (4).

Suppose thatI consists of the following:

0 : Fi = Ni (0 ≤ i ≤ m)

whereNi is an integer in the given range{LFi
, . . . , UFi

}, expressing that, at time stamp
0, the value ofFi isNi.

Then we can obtainsit(D, I) fromD andI as follows:

1. For each additive fluent constantFi ∈ D, declare a corresponding unary additive
fluent functionfi(s) with the range[Lfi , Ufi ]. such thatLFi

= Lfi andUFi
=

Ufi . For each boolean action constantAi ∈ D, declare a corresponding nullary
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action functionAi. For instance, for the fluent constantSmall with the domain
{LSmall, . . . , USmall} in Figure 1, we declare in Figure 2 the fluent functionsmall
with the range[Lsmall, Usmall].
Schemas are frequently used inC+ to represent a large number of constants or state-
ments. For example,AddS(n) in the declarations part denotes the action constants
AddS(Min), . . . ,AddS(Max). In a situation calculus representation, for such a set
of action constants, we can introduce a single action function (e.g.,addS(n)).

2. For each increment lawAi incrementsFj by N in D, add the formula

[a = Ai ∧ v = N ] ⊃ contrfj (a, s) = v. (9)

With a functionAi(n), we can use a single formula to represent all of the formu-
las (9) forAi, as seen in Figure 2.

3. LetNEXF be the set of all causal laws (8) inD such thatψ is a fluent formula. Let
ψ(s) be the formula obtained from a fluent formulaψ by replacing every additive
fluent atomFi = N by fi(s) = N . For each action constantAi in D, add the
formula

Poss(Ai, s) ≡
∧

(nonexecutableAi if ψ)∈NEXF

¬ψ(s).

If for every action constantAi, the right hand side of the equivalence above is⊤
then we can simply replace all of the equivalences above by the single formula
Poss(a, s) as in Figure 2 (recalla is implicitly universally quantified.)

4. LetNEXA be the set of all causal laws (8) inD such thatψ is a formula that
contains an action constant. Letψ(c, s) be the formula obtained from a concurrent
actionc and a formulaψ by replacing every fluent atomFi = N with fi(s) = N ,
and every action atomAj (respectively,¬Ak) with Aj ∈ c (respectively,Ak 6∈ c).
Then add the following definition:

conflict(c, s) ≡
∨

(nonexecutableAi if ψ)∈NEXA

[Ai ∈ c ∧ ψ(c, s)].

5. For each contribution ruleF
⊕
←− E(H) inD, add the contribution rulef

⊕
←− E(h).

6. For each expression0 : Fi = Ni in I, add the factfi(S0) = Ni.

Suppose that the range[Min,Max] is wide enough that, when compilingD into an
action description as described in Section 4, the auxiliaryactionsDContrf , IContrf ,
andTContrf are never undefined due to range violation.

Proposition 1. LetC be a set of action constants inD andc be the set of corresponding
action functions in sit(D, I). Then the following hold:
(i) C is executable at time stamp 0 with respect toD andI iff Poss(c, S0) with respect

to sit(D, I);
(ii) for every fluent constantFi, if C is executable at time stamp 0 and1 : Fi = N ′i after

the execution ofC at time stamp 0, with respect toD andI, thenfi(do(c, S0)) = N ′i
with respect to sit(D, I).

(iii) for every fluent constantFi, if Poss(c, S0) and fi(do(c, S0)) = N ′i with respect to
sit(D, I), then1 : Fi = N ′i after the execution ofC at time stamp 0, with respect
toD andI.
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The assumption above is required for the ‘if’ part of (i), andfor (iii).
Although we have incorporated contribution rules into two formalisms in a similar

way, and we have shown that, under some conditions, a formalization of an action do-
main inC+ can be transformed into a formalization in the concurrent situation calculus,
these two formalisms are different in general:C+ action descriptions are nonmonotonic
and propositional, while the situation calculus action theories are monotonic and first-
order. This work can be viewed in part as an attempt to bridge the gap between these
two formalisms, in the spirit of [15].

9 Related Work

There are mainly two lines of work related to ours. The first one, [13] and [14], intro-
duces methods to obtain a causal ordering of variables (denoting numeric-valued flu-
ents) from a set of equation-like causal structures, confluence equations and structural
equations, each describing a mechanism in a device. Such a causal ordering describes
which fluents are directly causally dependent on which otherfluents. The goal is, by
this way, to understand the causal behavior of a device.

The other line of work, [16] and [8], explicitly represents causal relations among
variables by equation-like causal structures, structuralequations and contribution equa-
tions; so the goal is not to obtain a causal ordering on numeric-valued variables. They
use these equations for various problems of reasoning aboutactions and change. For
instance, [16] represents each mechanism with a structuralequation, and uses them for
modeling counterfactuals. On the other hand, [8] represents each mechanism with a
contribution equation, compiles them into an action theory, allowing one to solve prob-
lems of reasoning about effects of actions, like planning and prediction.

All [14, 16, 8] suppose that the causal influence among fluentsis acyclic. The method
of [13] can not in general determine the effects of disturbances by propagation when
the causal influences are cyclic. [14, 16] require each variable to be classified as either
exogenous or endogenous; the others and we do not.

In our approach, each mechanism is described by a set of contribution rules with
the same head. These rules explicitly represent the flow of causal influences among
variables; in this sense it can be considered along the second line of work above. Con-
tribution rules are assumed to be acyclic. As in [8], by compiling contribution rules
into an action theory, we can solve problems of reasoning about effects of actions. On
the other hand, unlike with contribution equations, there is no obvious correspondence
between contribution rules and algebraic equations. For instance, in the containers ex-
ample, with the contribution equationsinner(s)=medium(s)+small(s) andtotal(s)=
inner(s)+ large(s), one can verify thattotal(s) = small(s)+medium(s)+ large(s). In
our approach, we can verify this equation by introducing an auxiliary fluent total(s)
and contribution rules for it, but there is no direct correspondence between the equation
and the contribution rules. Another difference between contribution equations and con-
tribution rules, is that auxiliary fluents such astotal andinner are necessary to write
contribution equations, while they are not required in writing contribution rules. This is
due to the ability of contribution rules to express more directly the causal influence re-
lationships among fluents. Finally, although contributionequations can handle the first
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kind of ramifications mentioned in the introduction, we cannot directly express the sec-
ond kind of ramifications by them; there is no direct way to describe these ramifications
by the other causal structures mentioned above.

10 Conclusion

We have described how to formalize an action domain with additive fluents, in two for-
malisms: the action languageC+ and the concurrent situation calculus. In both cases,
first we have extended the formalisms, e.g., by introducing some new constructs or func-
tions and by modifying some axioms. Since some ramificationsare not easy to describe
in the original formalisms, or using the existing causal structures, we have introduced
contribution rules, which express causal influences between additive fluents. After that
we have formalized an action domain in the extended versionsin four parts: specifi-
cation of additive fluents with their domains/ranges and actions affecting them, direct
effects of actions on additive fluents, preconditions of actions, and ramifications on ad-
ditive fluents. The formalizations obtained this way can handle not only nonserializable
actions, but also ramifications on additive fluents. Investigating the application of our
method to other formalisms, such as TAL [17], is a possible future research direction.
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Appendix

The Containers Domain presented toCCALC

To be able to solve problems involving ramifications on numeric-valued fluents, we
modified the source fileccalc.pl of CCALC, so thatCCALC can automatically gen-
erate domain-independent causal laws presented in Section4. Then we added some
macros to the fileadditive to obtain from increments laws and contribution rules
domain-dependent causal laws. The modified source files are available athttp://
www.kr.tuwien.ac.at/staff/esra/additive/containers.html.

We present the containers domain formalization in Figure 1 to CCALC in a file,
containers-domain, as in Figure 3. We present the problem description in another
file,containers-problem, as in Figure 4. In these Prolog files, constants start with
lower-case letters, and variables with upper-case letters. CCALC computes the values of
the fluents after the execution of the concurrent action described in this problem as
follows:

| ?- query 1.

0: small=1 medium=1 large=1 force=-2
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ACTIONS: addS(8) releaseS(1) releaseL(2) exert(8)
iContr(small)=0 tContr(small)=1 dContr(small)=7
iContr(medium)=6 tContr(medium)=2 dContr(medium)=1
iContr(large)=5 tContr(large)=3 dContr(large)=-2
iContr(force)=-6 tContr(force)=2 dContr(force)=8

1: small=2 medium=3 large=4 force=0

yes

For a more efficient computation, the amount of resources added/released can be
declared as “attributes” of the actions, as in Figure 5. To find the solution above,CCALC

transforms the formulation of Figure 3 into a propositionaltheory with 50162 atoms and
216204 clauses (in about 23 minutes), and the computation ofthe solution above takes
30 seconds. On the other hand,CCALC transforms the formulation of Figure 5 into
a propositional theory with 18334 atoms and 90816 clauses (in 26 seconds), and the
computation of the solution takes 28 seconds.

The files containing the containers domain description and the problem are also
available athttp://www.kr.tuwien.ac.at/staff/esra/additive/containers.
html.
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% file name: containers-domain

:- include ’additive-cr’.

:- variables
N,N1 :: nnInteger.

:- constants
small :: additiveFluent(l_small..u_small);
medium :: additiveFluent(l_medium..u_medium);
large :: additiveFluent(l_large..u_large);
force :: additiveFluent(l_force..u_force);
addS(nnInteger),
releaseS(nnInteger),
releaseL(nnInteger),
exert(nnInteger) :: exogenousAction.

% direct contributions:

addS(N) increments small by N.
releaseS(N) decrements small by N.
releaseS(N) increments medium by N.
releaseL(N) decrements large by N.
exert(N) increments force by N.

% preconditions:

nonexecutable addS(N) & addS(N1) if N < N1.
nonexecutable releaseS(N) & releaseS(N1) if N < N1.
nonexecutable releaseL(N) & releaseL(N1) if N < N1.
nonexecutable exert(N) & exert(N1) if N < N1.

% contribution rules:

medium <-+- multiply(1,small).
large <-+- multiply(1,medium).
force <-+-- multiply(2,large).
force <--+- multiply(2,large).

Fig. 3.The formalization in Figure 1 presented toCCALC.
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% file name: containers-problem

:- macros
maxInt -> 8; % minInt = -maxInt
l_small -> 0; u_small -> 2;
l_medium -> 0; u_medium -> 3;
l_large -> 0; u_large -> 4;
l_force -> -8; u_force -> 8.

:- include ’containers-domain’.

:- query
label :: 1;
maxstep :: 1;
0: small = 1, medium = 1, large = 1, force = -2,

addS(8), releaseS(1), releaseL(2), exert(8).

Fig. 4.The containers problem described in Example 1.
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% file name: containers-domain-attributes

:- include ’additive-cr’.

:- variables
N :: nnInteger.

:- constants
small :: additiveFluent(l_small..u_small);
medium :: additiveFluent(l_medium..u_medium);
large :: additiveFluent(l_large..u_large);
force :: additiveFluent(l_force..u_force);
addS, releaseS, releaseL, exert :: exogenousAction;
howmuchToAddS :: attribute(nnInteger) of addS;
howmuchToReleaseS :: attribute(nnInteger) of releaseS;
howmuchToReleaseL :: attribute(nnInteger) of releaseL;
howmuchToExert :: attribute(nnInteger) of exert.

% direct contributions:

addS increments small by N if howmuchToAddS = N.
releaseS decrements small by N if howmuchToReleaseS = N.
releaseS increments medium by N if howmuchToReleaseS = N.
releaseL decrements large by N if howmuchToReleaseL = N.
exert increments force by N if howmuchToExert = N.

% contribution rules:

medium <-+- multiply(1,small).
large <-+- multiply(1,medium).
force <-+-- multiply(2,large).
force <--+- multiply(2,large).

Fig. 5.The containers domain presented toCCALC using attributes.
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The Containers Domain presented toGOLOG

Additional definitions and axioms that need to be added to a Golog interpreter, to han-
dle additive fluents and contribution rules, are contained in the fileadditive-cr.pl
available athttp://www.kr.tuwien.ac.at/staff/esra/additive/containers.
html.

Figure 6 shows the implementation of the Containers domain formalization in the
concurrent situation calculus. The set of initial values (initial state) and the range re-
strictions on the four fluents as used in Example 1 is shown in Figure 7. The following
is a sample query for this problem and the answers:

[eclipse 3]: C=[addS(8),releaseS(1),releaseL(2),exert(8)],
value(F,V,do(C,s0)).

C = [addS(8), releaseS(1), releaseL(2), exert(8)]
F = small
V = 2
Yes (0.00s cpu, solution 1, maybe more) ? ;

C = [addS(8), releaseS(1), releaseL(2), exert(8)]
F = medium
V = 3
Yes (0.00s cpu, solution 2, maybe more) ? ;

C = [addS(8), releaseS(1), releaseL(2), exert(8)]
F = large
V = 4
Yes (0.00s cpu, solution 3, maybe more) ? ;

C = [addS(8), releaseS(1), releaseL(2), exert(8)]
F = force
V = 0
Yes (0.00s cpu, solution 4, maybe more) ? ;

No (0.00s cpu)
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primitive_action(addS(N)). primitive_action(releaseS(N)).
primitive_action(releaseL(N)). primitive_action(exert(N)).

contr(small, A, V, S):- A=addS(N), V is N;
A=releaseS(N), V is -N;
not (A=addS(N) ; A=releaseS(N)), V is 0.

contr(medium,A,V,S):- A=releaseS(N), V is N;
not A=releaseS(N), V is 0.

contr(large,A,V,S):- A=releaseL(N), V is -N;
not A=releaseL(N), V is 0.

contr(force,A,V,S):- A=exert(N), V is N;
not A=exert(N), V is 0.

value(small,V,S):- small(V,S).
value(medium,V,S):- medium(V,S).
value(large,V,S):- large(V,S).
value(force,V,S):- force(V,S).

%% Succ State Axioms

small(V,do(C,S)):- small(Vs,S), tContr(small,C,Vc,S), V is Vs + Vc.

medium(V,do(C,S)):- medium(Vs,S), tContr(medium,C,Vc,S), V is Vs + Vc.

large(V,do(C,S)):- large(Vs,S), tContr(large,C,Vc,S), V is Vs + Vc.

force(V,do(C,S)):- force(Vs,S), tContr(force,C,Vc,S), V is Vs + Vc.

%% All primitive actions are always possible

poss(A,S):- primitive_action(A).

conflict(C,S):- member(addS(N),C), member(addS(N1),C), not N=N1;
member(releaseS(N),C), member(releaseS(N1),C), not N=N1;
member(releaseL(N),C), member(releaseL(N1),C), not N=N1;
member(exert(N),C), member(exert(N1),C), not N=N1.

medium <-+- 1 * small.
large <-+- 1 * medium.
force <-+-- 2 * large.
force <--+- 2 * large.
foo <--- bar.

Fig. 6. Implementation of the formalization in Figure 2.
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lower(small,0). lower(medium,0). lower(large,0). lower(force,-8).
upper(small,2). upper(medium,3). upper(large,4). upper(force,8).

small(1,s0). medium(1,s0). large(1,s0). force(-2,s0).

Fig. 7.The containers problem described in Example 1.
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Proof of Proposition 1

Let F be the set of all additive fluent constantsF1, . . . , Fm. Let A be the set of all
boolean action constantsA1, . . . , Am′ .

Definition 1. A setC of boolean action constants inA isexecutableat a stateS defined
by an interpretationFi = Ni of fluent constants inF such thatLFi

≤ Ni ≤ UFi
, if

(i) for every fluent constantFi in F, LFi
≤ Ni + TContr(Fi) ≤ UFi

and
(ii) for every causal law (nonexecutableAi if ψ) in D, S ∪C does not satisfyAi ∧ψ.

Suppose that the range[Min,Max] is wide enough that, when compilingD into an
action description as described in Section 3, the auxiliaryactionsDContrf , IContrf ,
andTContrf are never undefined due to range violation.

We use the following lemmas and notation to prove the proposition above. LetSI
denote the initial state defined by atoms

Fi = Ni (Fi ∈ F, LFi
≤ Ni ≤ UFi

)

where every0 : Fi = Ni is in I. Remember that the initial situationS0 is defined by
the set of factsfi(S0) = Ni where0 : Fi = Ni is in I.

Lemma 1. Condition (ii) of Definition 1 holds for the initial stateSI iff

(i) for every actionAi in c, sit(D, I) |= Poss(Ai, S0); and
(ii) sit(D, I) |= ¬conflict(c, S0).

Proof: Take any causal law (nonexecutableAi if ψ) in D. If ψ is a fluent formula,
SI ∪ C 6|= Ai ∧ ψ iff SI 6|= ψ iff ¬ψ(S0) iff Poss(Ai, S0); moreover, sinceψ does
not contain an action constant,¬conflict(c, S0). Otherwise, i.e.,ψ contains an action
constant, the following holds:SI∪C 6|= Ai∧ψ iff Ai 6∈ C orSI∪C 6|= ψ iff ¬ψ(c, S0)
iff ¬conflict(c, S0); moreover, sinceψ contains an action constant,Poss(Ai, S0).

Lemma 2. If C is executable at a stateS, then there exists a unique transition〈S,Z, S′〉
in the transition diagram described byD, such that the following hold for every additive
fluent constantFj in F:

(i) for every boolean action constantAi ∈ C, for some integerY , Contr(Ai, Fj) = Y

is inZ;
(ii) for some integerY , DContr(Fj) = Y is inZ;

(iii) for some integerY , IContr(Fj) = Y is inZ;
(iv) for some integerY , TContr(Fj) = Y is inZ.

Proof: Follows from the definition of the transition diagram described by the action
description obtained fromD. First of all, ifC is executable atS then there is a transition
〈S,Z, S′〉 in the transition diagram described byD. Since the effects of all actions are
deterministic (they either increment or decrement the values of additive fluents by a
certain amount), and the causal influence among fluents is acyclic via contribution rules,
such a transition is unique. (i) Due to the translation of increments laws into causal laws,
for everyAi andFj , if they appear in an increments law
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Ai incrementsFj by N

in D, Contr(Ai, Fj) = N is in Z; otherwise,Contr(Ai, Fj) = 0 is in Z. (ii)–(iv) If C
is executable atS then, due to Definition 1(i), for every fluent constantFj , there exist
some integerNj , such thatTContr(Fj) = Nj is in Z. Then, due to the definition of
TContr obtained by the translation of contribution rules into causal laws, there exist
some integersY andY ′ such thatDContr(Fj) = Y andIContr(Fj) = Y ′ are inZ.

Let CR denote the concurrent actionX in the unique transition described in the
lemma above.

Lemma 3. If C is executable atSI , then, for every fluent constantFj in F, for ev-
ery corresponding fluent function namefj in sit(D, I), and for every integerX in
{Min, . . . ,Max}, the following hold:

(i) For every boolean action constantAi in C, and for every corresponding action
functionAi in sit(D, I),
Contr(Ai, Fj) = X ∈ CR iff contrfj(Ai, S0) = X;

(ii) DContr(Fj) = X ∈ CR iff dContrfj(c, S0) = X;
(iii) IContr (Fj) = X ∈ CR iff iContrfj(c, S0) = X;
(iv) TContr(Fj) = X ∈ CR iff tContrfj(c, S0) = X.

Proof: (i) By Lemma 2(i), there exists a transition〈SI , Z, S′〉 in the transition diagram
described by the action description obtained fromD such that, for every boolean ac-
tion constantAi ∈ C, for some integerX, Contr(Ai, Fj) = X is in Z. On the other
hand, due to the formulas added at Step 2 of the transformation and the definitional ax-
iom of contrfj , for every correspondingAi, contrfj(Ai, S0) = X. (ii)–(iv) Follow from
(i), the definitions ofDContr(Fj) = X, IContr(Fj) = X, TContr(Fj) = X in the
action description obtained fromD (under the assumption that the range[Min,Max]
is wide enough that, when compilingD into an action description, the auxiliary ac-
tionsDContrf , IContrf , andTContrf are never undefined due to range violation), and
the definitions ofdContrfj , iContrfj , tContrfj in the basic action theory obtained from
sit(D, I).

Lemma 4. If C is executable atSI , then, for every fluent constantFi in F, the following
hold:

for some integerX, TContr(Fi) = X ∈ CR andLFi
≤ X +Ni ≤ UFi

according
toD andI
iff
R1[RC(do(c, S0))] according to sit(D, I).

Proof: Follows from Lemma 3, the definition ofRC, and the correctness theorem of
the regression operatorR [9].

Lemma 5. If sit(D, I) |= Poss(c, S0), then condition (i) of Definition 1 for the initial
stateSI holds.

Proof: Poss(c, S0) ⊃ R1[RC(do(c, S0))] ⊃ RC(do(c, S0)) ⊃ Lfi ≤ fi(do(c, S0)) ≤
Ufi ⊃ Lfi ≤ fi(S0) + tContrfi(c, S0) ≤ Ufi . Then, by Lemma 3,LFi

≤ Ni +
TContr(Fi) ≤ UFi

.
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Lemma 6. C is executable atSI iff sit(D, I) |= Poss(c, S0).

Proof: (⇒) Follows from Lemmas 1 and 4. (⇐) By Lemma 5, condition (i) holds.
Poss(c, S0) impliesPoss(Ai, S0) and¬conflict(c, S0). Then by Lemma 1 condition
(ii) holds.

Lemma 7. If C is executable atSI , then, for every fluent constantFj in F, for ev-
ery corresponding fluent function namefj in sit(D, I), and for every integerN ′i in
{Min, . . . ,Max}, the following hold:1 : Fj = N ′i after the execution ofC at SI iff
sit(D, I) |= fi(do(c, S0)) = N ′i .

Proof: (⇒) By Lemma 2, ifC is executable atSI then〈SI , CR, S′〉 in the transition di-
agram described byD, such that, for some integerX, TContr(Fi) = X is inCR. Then,
by the definition of the transition diagram described byD, Fi = Ni +X is inS′ where
Fi = Ni is in SI . On the other hand, by Lemma 3,sit(D, I) |= tContrfi(c, S0) = X.
Then, by the successor state axiom offi in the basic action theory obtained from
sit(D, I), fi(do(c, S0)) = fi(S0) + tContrfi(c, S0) = Ni +X = N ′i . (⇐) By the suc-
cessor state axiom offi in the basic action theory obtained fromsit(D, I), sit(D, I) |=
N ′i = fi(S0) + tContrfi(c, S0). By Lemma 3, for some integerX, tContrfi(c, S0) = X

iff TContr(Fi) = X ∈ CR. And by the definition ofsit(D, I), fi(S0) = Ni iff
0 : Fi = Ni is in I. On the other hand, by the definition of the transition diagram
described byD, 1 : Fi = Ni +X holds.

Proof of Proposition 1: (i)–(iii) hold by Lemmas 6 and 7.
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