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Review of First-Order Logic*

Predicate Formulas

A predicate signature is a set of symbols of two kinds—object constants and predicate
constants—with a nonnegative integer, called the arity, assigned to every predicate
constant. A predicate constant is said to be propositional if its arity is 0. Propositional
constants are similar to atoms in propositional logic. A predicate constant is unary
if its arity is 1, and binary if its arity is 2. For instance, we can define a predicate
signature

{a, P,Q} )]

by saying that a is an object constant, P is a unary predicate constant, and () is a binary
predicate constant.
Take a predicate signature ¢ that does not include any of the following symbols:

the object variables x,y, 2, X1, Y1, 21, T2, Y2, 22, - - -»
e the propositional connectives,

o the universal quantifier V and the existential quantifier 3,

the parentheses and the comma.

The alphabet of predicate logic consists of the elements of ¢ and of the four groups of
additional symbols listed above. A string is a finite string of symbols in this alphabet.

A term is an object constant or an object variable. A string is called an atomic
formula if it is a propositional constant or has the form

R(ti, ... ty)

where R is a predicate constant of arity n (n > 0) and ¢1,...,¢, are terms. For
instance, if the underlying signature is (1) then P(a) and Q(a, x) are atomic formulas.
We define when a string is a (predicate) formula recursively, as follows:

e cvery atomic formula is a formula,

e both O-place connectives are formulas,

*This note is a part of “Lecture Notes on Mathematical Logic” by Vladimir Lifschitz.
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e if /" is a formula then —F' is a formula,
e for any binary connective ©, if /" and G are formulas then (F' ® G) is a formula,

e for any quantifier K and any variable v, if F'is a formula then Kv F' is a formula.

For instance, if the underlying signature is (1) then

(=P(a) vV 3x(P(x) A Q(x,9)))

is a formula.

When we write predicate formulas, we will drop some parentheses and use other
abbreviations as in propositional logic. A string of the form Yoy - - - Vv, (n > 0) will
be written as Vv - - - vy, and similarly for the existential quantifier.

An occurrence of a variable v in a formula F' is bound if it occurs in a part of F' of
the form KvG'; otherwise it is free in F'. For instance, in the formula

JyP(x,y) N ~JxP(x,x) ()

the first occurrence of x is free, and the other three are bound; both occurrences of y
in (2) are bound. We say that v is free (bound) in F' if some occurrence of v is free
(bound) in F'. A formula without free variables is called a closed formula, or a sen-
tence.

Representing English Sentences by Predicate Formulas

Before we continue the study of the syntax of predicate logic, it is useful to get some
experience in translating sentences from English into the language of predicate for-
mulas. The translation exercises below are different from the other problems in that
they are not precisely stated mathematical questions: there is no way to prove, in the
mathematical sense, that a translation is adequate (at least until the semantics of pred-
icate logic is defined). There is sometimes no clear-cut difference between good and
bad translations; it may happen that one translation is somewhat less adequate than
another but still satisfactory.

In these translation exercises, the underlying signature is (1). We will think of
object variables as ranging over the set w of nonnegative integers, and interpret the
signature as follows:

e ¢ represents the number 10,
e P(x) represents the condition “x is a prime number,”

e Q(x,y) represents the condition “x is less than y.”

As an example, the sentence All prime numbers are greater than x can be repre-
sented by the formula
Yy(P(y) > Q(z,y)). 3)
In the following two problems, represent the given English sentences by predicate
formulas.
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Problem 1 (a) There is a prime number that is less than 10. (b) x equals 0. (c) x
equals 9.

Problem 2 There are infinitely many prime numbers.

Substitution

Let F' be a formula and v a variable. The result of the substitution of a term ¢ for v in
F is the formula obtained from F' by replacing each free occurrence of v by £. When
we intend to consider substitutions for v in a formula, it is convenient to denote this
formula by an expression like F'(v); then we can denote the result of the substitution of
a term ¢ for v in this formula by F'(¢). For instance, if we denote formula (2) by F'(z)
then F'(a) stands for

JyP(a,y) N ~3zP(x,x).

Let F'(x) be formula (3) proposed above as a translation for the condition “all
prime numbers are greater than x.” A formula of the form F'(t), where ¢ is a term,
usually expresses the same condition applied to the value of ¢. For instance, F'(a) is

Vy(P(y) O Q(a,y)),

which means that all prime numbers are greater than 10; F'(z2) is

Vy(P(y) O Q(z2,¥)),

which means that all prime numbers are greater than 2. There is one exception, how-
ever. The formula F'(y), that is,

Vy(P(y) 2 Qy,v)),

expresses the (incorrect) assertion “every prime number is less than itself.” The prob-
lem with this substitution is that y, when substituted for = in F'(x), is “captured” by a
quantifier. To express the assertion “all prime numbers are greater than y” by a pred-
icate formula, we would have to use a bound variable different from y and write, for
instance,

Vz(P(z) 2 Qy; 2))-

To distinguish “bad” substitutions, as in the last example, from “good” substitu-
tions, we introduce the following definition. A term ¢ is substitutable for a variable v
in a formula F' if

e {1s a constant, or

e tis a variable w, and no part of F' of the form KwG contains an occurrence of v
which is free in F.

For instance, a and z, are substitutable in (3) for x, and y is not substitutable.
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Semantics of Predicate Formulas

The semantics of propositional formulas defined which truth value F/ is assigned to a
propositional formula F' by an interpretation /. Our next goal is to extend this defini-
tion to predicate formulas. First we need to extend the definition of an interpretation
to predicate signatures.

An interpretation I of a predicate signature o consists of

e anonempty set | /|, called the universe of I,

e for every object constant c of o, an element ¢/ of |I|,
e for every propositional constant R of o, an element R of {f,t},

e for every predicate constant R of o of arity n > 0, a function R’ from |I|" to

{f,t}.

For instance, the second paragraph of the section on representing English sentences
by predicate formulas can be viewed as the definition of an interpretation of signature
(1). For this interpretation I,

1] = w,
al =10,

1, _ )ty ifnisprime, 4)
Pi(n) = {f, otherwise,

I _Jt, iftm<n,
@ (m,n) = {f, otherwise.

The semantics of predicate logic introduced below defines the truth value ' only
for the case when F'is a sentence. As in propositional logic, the definition is recursive.
For propositional constants, there is nothing to define: the truth value R/ is part of the
interpretation /. For other atomic sentences, we can define

R(ty, ..., tp) ! = RI(tE, ... th).

(Since R(t1,...,t,) is a sentence, each term ¢; is an object constant, and consequently
tf is part of I). For propositional connectives, we can use the same clauses as in
propositional logic. But the case of quantifiers presents a difficulty. One possibility
would be to define

JwF (w)! = tiff, for some object constant ¢, F(c)! =t

and similarly for the universal quantifier. But this formulation is unsatisfactory: it
disregards the fact that some elements of the universe |I| may be not represented by
object constants. For instance, in the example above 10 is the only element of the

4
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universe w for which there is a corresponding object constant in signature (1); we
expect to find that

(32Q(z,a))" =t
(there exists a number that is less than 10) although

Q(a,a)" =f

(10 does not have this property). Because of this difficulty, some additional work is
needed before we define F.

Consider an interpretation I of a predicate signature o. For any element & of
its universe |I|, select a new symbol ¢*, called the name of ¢&. By o we denote
the predicate signature obtained from ¢ by adding all names £* as additional object
constants. For instance, if o is (1) and [ is (4) then

ol ={a,0%,1%,2*,..., P,Q}.
The interpretation I can be extended to the new signature o/ by defining
€)' =¢

for all ¢ € |I|. We will denote this interpretation of o/ by the same symbol 1.

We will define recursively the truth value F/ that is assigned to F by I for every
sentence F' of the extended signature o/ ; that includes, in particular, every sentence of
the signature o. For any propositional constant R, R! is part of the interpretation 1.
Otherwise, we define:

o R(ty,....ty) = RI(t, ... th),

o II=fTl=t,

o (<F) = ~(F1),

e (F®G) =®(F!, G) for every binary connective ©,
LR =t,

o JwF(w)! = tiff, for some ¢ € |I|, F(¢*)! =+t.

o YwF(w)! = tiff, forall € € |I

As in propositional logic, we say that I satisfies I, and write I |= F, if [T = t.
Problem 3 Show that interpretation (4) satisfies 3xQ(x, a).

Problem 4 Let F(x) be formula (3). Show that, for every n € w, (4) satisfies F(n*)
iffn < 2.
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Satisfiability

If there exists an interpretation satisfying a sentence F', we say that F' is satisfiable.
A set I' of sentences is satisfiable if there exists an interpretation that satisfies all sen-
tences in I

In each of the following problems, determine whether the given set of sentences is
satisfiable. We assume that P and () are predicate constants; their arities will be every
time clear from the context.

Problem 5 (a) P(a), 3z—P(x). (b) P(a), Vo—P(z).

Problem 6 Vx3yP(x,y), Va—P(zx,x).

Entailment

A set I' of sentences entails a sentence F, or is a logical consequence of I' (symboli-
cally, I' = F), if every interpretation that satisfies all sentences in I satisfies F'.
As an exercise, determine whether the sentences

JzP(x), JxQ(x)

entail

Ju(P(x) A Q(x)).

A sentence I’ is logically valid if every interpretation satisfies F'. This concept is
similar to the notion of a tautology.

The universal closure of a formula F' is the sentence Vv - - - v, F', where v1, . .., v,
are all free variables of F'. About a formula with free variables we say that it is logically
valid if its universal closure is logically valid. A formula F' is equivalent to a formula
G (symbolically, F' ~ G) if the formula F' = G is logically valid.

Problem 7 For each of the formulas

P(z) D JzP(x),
P(z) D VzP(x)

determine whether it is logically valid.

Function Symbols and Equality: Syntax

Predicate logic as defined at the beginning of this section is somewhat more restricted
than what is usually called “first-order logic,” and now our goal is to remove these re-
strictions. First, we will generalize the notion of a term. In addition to object constants
and object variables, we will allow terms to be formed using symbols for functions,
“function constants.” Second, we will add the equal sign to the language, and equali-
ties will be included as a new kind of atomic formulas.
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Our most general notion of a signature is defined as follows. A signature is a set of
symbols of two kinds—function constants and predicate constants—with a nonnega-
tive integer, called the arity, assigned to each symbol. An object constant is a function
constant of arity 0. A function constant is unary if its arity is 1, and binary if its ar-
ity is 2. Propositional constants, as well as unary and binary predicate constants, are
defined as above. Terms are defined recursively, as follows:

e every object constant is a term,
e ecvery object variable is a term,

e for every function constant h of arity n (n > 0), if ¢1,...,t, are terms then so
is h(tl, RN ,tn).

In first-order logic, there are three kinds of atomic formulas: propositional con-
stants, strings of the form R(t1,...,t,) where R is a predicate constant of arity n
(n > 0) and t1,...,t, are terms, and strings of the form (¢; = t5) where 1, to are
terms. Given this set of atomic formulas, the definition of (first-order) formulas is the
same as the definition of predicate formulas at the beginning of this section.

For any terms ¢1 and ¢, t1 # to stands for the formula —(t; = ¢2).

The definitions of free and bound occurrences of a variable in a formula remain
the same as before. (Note that these concepts apply to a formula, but not to a term.
Sometimes, all variables occurring in a term are considered its “free variables.”) The
substitution of a term for a variable is also defined as before. The definition of a
substitutable term, in the presence of function symbols, is stated as follows: A term ¢
is substitutable for a variable v in a formula I if, for each variable w occurring in ¢,
no part of F' of the form KwG contains an occurrence of v which is free in F'.

Function Symbols and Equality: Semantics

To generalize the notion of an interpretation to arbitrary signatures, we need to say
how one is allowed to interpret a function constant of arity » > 0. Such a symbol
can be interpreted as any total function of n variables whose arguments and values
come from the universe of the interpretation. Thus an interpretation I of a signature o
consists of

e anonempty set ||, called the universe of I,
e for every object constant ¢ of o, an element ¢ of |I],

for every function constant h of o of arity n > 0, a function A’ from |I|" to |1,

for every propositional constant R of o, an element R! of {f,t},

for every predicate constant R of o of arity n > 0, a function R! from || to

{f,t}.
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As an example, consider the signature of first-order arithmetic

{a7 87 f?g}? (5)

where a is an object constant (intended to represent 0), s is a unary function constant
(for the successor function), and f, g are binary function constants (for addition and
multiplication). Since this signature includes no predicate constants, its only atomic
formulas are equalities. The intended interpretation I of (5) is defined as follows:

’I| = w,
al =0,
sf(n)=n+1, (0)

fH(m,n) =m+n,
g'(m,n) =m-n.

Problem 8 Represent the following English sentences by first-order formulas:
o There exists at most one x such that P(x).
o There exists exactly one x such that P(x).
o There exist at least two x such that P(z).
o There exist at most two x such that P(x).

e There exist exactly two x such that P(x).

Now let us go back to the semantics of first-order logic. For the definition of F' to
be applicable in the presence of function constants of arity > 0, we need to extend the
notation ¢! from object constants to arbitrary variable-free terms of the signature o/,
and to add a clause for equality. The value ¢! assigned by I to t is defined recursively
by the formula

h(ty, ... to)t =hld, . t]).
The additional clause in the definition of satisfaction reads as follows:
o (t1 =to)! =tifft] =+l

The definitions of satisfaction and of all other semantic concepts introduced above
for formulas of a predicate signature apply to formulas with function constants and
equality without any changes.

Problem 9 For each of the following sentences determine whether it is satisfiable:

e =020,
o Vay(x =1y),
o Vzy(z # y).



