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Geometry-Based Ensembles:
Toward a Structural Characterization
of the Classification Boundary

Oriol Pujol and David Masip

Abstract—This paper introduces a novel binary discriminative learning technique
based on the approximation of the nonlinear decision boundary by a piecewise
linear smooth additive model. The decision border is geometrically defined by
means of the characterizing boundary points—points that belong to the optimal
boundary under a certain notion of robustness. Based on these points, a set of
locally robust linear classifiers is defined and assembled by means of a Tikhonov
regularized optimization procedure in an additive model to create a final A\-smooth
decision rule. As a result, a very simple and robust classifier with a strong
geometrical meaning and nonlinear behavior is obtained. The simplicity of the
method allows its extension to cope with some of today’s machine learning
challenges, such as online learning, large-scale learning or parallelization, with
linear computational complexity. We validate our approach on the UCI database,
comparing with several state-of-the-art classification techniques. Finally, we apply
our technique in online and large-scale scenarios and in six real-life computer
vision and pattern recognition problems: gender recognition based on face
images, intravascular ultrasound tissue classification, speed traffic sign detection,
Chagas’ disease myocardial damage severity detection, old musical scores clef
classification, and action recognition using 3D accelerometer data from a wearable
device. The results are promising and this paper opens a line of research that
deserves further attention.

Index Terms—Classification, ensemble of classifiers, Gabriel neighboring rule,
visual object recognition.
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1 INTRODUCTION

IN the last decade, there have been several successful attempts
relating geometry-based reasoning with the design of learning
machines. Most of the efforts in this line are restricted to editing
rules for the nearest neighbor technique [3], [4], [7]. However,
several researchers have recently focused on the relationship
between large margin classifiers and geometry. In [5], the authors
use a graph-based technique on the training data set to locate
possible support vectors while editing the rest of the set. But, it is
the work of Bennett et al. [11], [12] that clearly changes the
perspective for approaching large-margin classifiers from the
statistical learning theory to geometric reasoning. In their work,
the authors deduce the primal and dual formulations for the
support vector machine using the geometric concept of the
convex hull.

The intuitive geometric reasoning behind the well-known
support vector machines technique comes from the maximization
of the margin, defined as the minimum distance from the closest
data points to the boundary. Although it is simple to understand
this concept when the optimal separation is a hyperplane, it

becomes much more complex in front of nonlinear boundaries. The
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most well-known strategy to deal with this issue is the kernel
approach that represents a change in the metric space when
computing the margin. However, besides this last approach, these
concepts are not enough to fully define a general nonlinear
boundary since there is much uncertainty due to the not so close
points—points that define a classification boundary but are far
from the support region with minimum margin. In the toy example
of Fig. 1a, any decision boundary lying in the shadowed area
satisfies the maximum minimum margin property' (the margin is
shown as d in Fig. 1). Therefore, other considerations must be taken
into account to define a unique solution. When creating a new
algorithm, we require it to be able to handle noisy data and
identify approximate patterns. Therefore, it seems reasonable to
use this notion of robustness to noise to define a solution.

In this paper, we propose the concept of characteristic boundary
points (CBP)—points that belong to the optimal boundary following
certain definitions of robustness and margin. Fig. 1b shows an
example of the CBP (black dots). Intuitively, an hyperspherical
“area of influence” is laid around each data point, characterizing
the amount of noise that a point is able to handle without
ambiguity. The spatial locations where those “areas of influence”
from different classes collide define the characteristic dichotomiz-
ing points. Observe that a robust boundary is found joining all the
CBP. We approximate this boundary by a piecewise linear function.
Based on the CBPs, we create a set of hyperplanes that are locally
optimal from the point of view of the margin. These are assembled
linearly into the final decision boundary using a Tikhonov
regularization framework. The use of the Tikhonov framework is
a conservative approach to the solution in which we desire to give
the maximum expressivity (nonlinear behavior) to the final border
while being able to control the robustness in front of noise with a
parameter \. In this context, Tikhonov regularization smoothes the
classification boundaries defined by the piecewise ensemble,
yielding a classification rule less prone to overfitting. Due to the
local scope of each individual linear classifier and the simplicity of
the method, we propose an algorithm that allows to linearize the
computational complexity of the technique and cope with large
scale and online learning problems.

The layout of the paper is the following: Section 2 describes the
CBPs and proposes an algorithm to compute them by means of the
proximity neighboring rules (in particular, we use the Gabriel
neighboring rule [6]). The definition of the CBPs allows for the
creation of a set of robust, locally optimal, linear classifiers that are
combined into a A-smooth additive model by means of the
Tikhonov regularization framework (see Section 3). In Section 4,
the algorithm for linearizing the computational complexity of the
method is presented. Section 5 shows the validation of the
technique on the UCI database, comparing our approach with
several state-of-the-art classifiers like Adaboost [1] or kernel
Support Vector Machines [2]. Additionally, results on an online
scenario, large-scale data sets, and on six real object recognition
problems are provided. Finally, Section 6 concludes the paper and
future research lines are proposed.

2 ON THE DEFINITION OF THE NONLINEAR
DECISION BOUNDARY

In the previous section, we commented that, in general, achieving a
maximum minimum margin is not enough to define a unique
solution to the classification problem. Therefore, informally, the
desired boundary can be defined as the one that simultaneously
maximizes the margin of the closer points to the boundary and its
robustness to noise.

1. Notice that, in the case of kernel-based SVM, the kernel parameteriza-
tion fully defines one solution in the shadowed area.
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Fig. 1. lllustrative examples. (a) Any decision boundary in the shadowed area has
minimum maximum margin. (b) Intuitive idea of the characterizing boundary
points.

2.1 The Characteristic Boundary Points

Given a labeled training set of M points S = {(z;,1;)}, where z; €
R’ belonging to class I; = I(x;) € {+1,—1},i=1... M, our starting
hypothesis is that a characteristic boundary point zJ € R’ is
defined between any two training points (;,z;) that fulfill the
following conditions:

e  Necessary condition: Both points (;, z;) are from different
classes

zeS|li=41 and z;€S|lj=-1.

e  Answer to the definition of the proximity to the optimal
boundary: There is no closer example to the candidate
boundary point z, than the ones that define it, namely,
(CBi s .’L/)

Given any point p: {p € R? | (p,1) € S}, then

i = Zepll < [lp = epll, (1)

2 = zepll < llp = 2o (2)

e Answer to the definition of the robustness to noise
notion: Assuming that no geometrical information about
the expected noise is considered, the candidate boundary
point is located at the maximum distance from both
generating points (the middle point between z; and x;)

v = 2 (o +-2)) 3)
The last property defines the robustness policy in front of
new data—it gives to each data point in the training set the
maximum margin locally. Alternatively, this can be seen
as giving to each point in the data set a maximum “area
of influence.”

2.2 Locating the Closest Points to the Boundary

Let us take two pairs of points that have one of them in common,
{(i,;), (zr,x;)}, as shown in Fig. 2. By definition, z} =
(@i + xj) / 2 is a characteristic boundary point only if [|z; — 2| <
lzx — 23]l (1). Note that the locus of the space in which |[z; —
x|l = ||lzi, — z;}|| defines a hypercircle centered on z;) with radius
llzi — x;]|/2. Then, z is a characteristic boundary point and the
inequality will only hold if zy, is further than ||lz; — z;||/2 from zi;.
That is, there are no closer points to the candidate z, than z; or z;.
This rule is known as the Gabriel neighboring rule [6].
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Fig. 2. lllustration of the definition of characteristic boundary points. ;zcjg is a CBP
since there is no other point inside the hypersphere centered in it with radius
=i — il /2.

Given a pair of samples «; and z; that form a candidate CBP
(%)), the algorithm for computing the CBP must check that there
does not exist any other sample z;, that is closer to T than z; and
z;. The naive approach for solving this problem has a complexity
of O(dM?). However, the problem of computing the Gabriel
neighboring rule can be easily solved without explicitly computing
the point rjg given the distances among z;, z;, and . Thus, one
can first compute the distances for each pair of samples in O(dM?)
and then search for LL’fp’ This reduces the complexity of the
algorithm to O(M3 + dM?). Algorithm 1 shows the explicit
computation of the CBP using this method.

Input: Set of data points S = {z;,1;}, x; € R? belonging to class
L € {+1,-1}
Output: Set of pairs of indexes {(¢, j)} corresponding to the data pair that
defines the CBP
Compute the Euclidean distance d; ; from each point z; to = ;
Initialize the set of indexes that define the CBP, E = {};
foreach ;|l; = +1 do
foreach x ; ‘lj = —1do
foreach x|(zy, ) € S do
Compute the distance dy, ,,, from the sample x, to the central

point z,, = w as follows:
di,m = Vda + dp
d?, —d?, —d?.
do = d? k<1 _ %k i,k i, )
’ —2d; 1 d;,j
d2, —d?, —d?. di N2
dy = (di (LA B0y - 52 )
: 72di’kdi,j 2

y
if Bz |dp,m < 37 then

add the pair of indexes corresponding to {x;, z;} to the
set B, E=E(4,jJ)

end

end

end
end

3 GEOMETRY-BASED ENSEMBLES

According to the bias and variance error decomposition, the
definition of a classification scheme should enforce two properties:
expressivity—most arrangements of sample points in the feature
space can be approximated—and generalization—it captures the
underlying model from the data source so that, given new unseen
input examples, they are correctly labeled.

A classifier designed to find a boundary using the characteriz-
ing boundary points, z,, is by its own definition expressive since
each CBP locally captures the variability of the training set.
Therefore, the combination approach selected must ensure the
generalization performance. One of the simplest ways of modeling
the nonlinear boundary from the set of CBP is a piecewise linear
ensemble solution. The ensemble is created by means of an
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TABLE 1
Detailed Process for Computing the Geometry-Based Ensemble

o Compute the CBP on the training set, {acépj} Vi,jel...M, i#3j

o Create a set of base classifiers based on {z./ },

i
i _ Tt =

iy (@) = (@ —wg)my, eyl = ———, n iy

Ti — Tj

llzi — ;]
o Evaluate the base models on the data set to find matrix A,
A(k, i) = sign(mg(xzs)), k € {1... {zep}|}i € {1... M}

o Find the X\ — solution of the weights solving the following optimization problem,

ax = argmin(||Aa — I3 + A% (a — &)13)
N

additive model T : R? — IR of base classifiers m;(x) related with
the characterizing boundary points

N
(z) =Y o sign(m(x)), (4)
k=1

where N is the number of CBP (N = |{zi/}| < M?/2) and sign
stands for the signum function. The final decision rule can be
simply obtained by thresholding the ensemble combination

[ = sign(Il(x) — ay),
where [ is the estimated label and «y is the global threshold value.

3.1 Defining the Base Classifiers
Observe that, in an ad hoc sense, the hyperplane located at a
characterizing boundary point defines a locally optimal margin
classifier—since there is no other point in a neighboring region
around the CBP that can alter the decision boundary.

Thus, given the pair of points (z;, z;), the base linear classifier is
defined as a hyperplane in the following way:

Ti +x; o —
)i =

7 ii(z) = (x — J;Ij)ri}, L‘FIZ =D i

where Z;: {(.’l?,,l,) es ‘ I = +1} and Zj: {(xj~,lj) es | l]' = —1}
correspond to the elements of class labeled as +1 and -1,
respectively. Notice that, by convention, the normal vector that
defines the hyperplane, 1; € IRY, always points to class +1. A
positive value of wl.:;(:r) indicates that an example belongs to
class +1 and to —1 otherwise.

3.2 Weights Estimation Using Tikhonov Regularization
The influence of each base classifier in the ensemble is governed by
the weighting vector « in (4). The estimation of « is a classical
example of an ill-posed problem. One of the most common
approaches for stabilizing this problem is the use of further
information about the desired solution. This is the purpose of
regularization. Changing our formulation into the matrix form, we
are looking for the solution of the linear system of equations

Aa=1, AeR™, le RY, (5)

where A(k,1) = sign(my(z;)), k€ {1...[{zx}]}, i € {1...M}, and !
is the label vector of the training set. Notice that the matrix has an
ill-determined rank. Moreover, the terms {A,!} can be perturbed
by an error. One meaningful approximation to the solution of (5) is
to compute the minimal-norm least squares solution. Given the
limited number of base classifiers obtained by means of the CBP,
we opt for a conservative approach to the solution in which we
retain as much expressivity as possible (nonlinear behavior) while
being able to control the robustness in front of noise with a
parameter A. Thus, we can use the Tikhonov regularization
framework, based on requiring that the 2-norm, or an appropriate

aeRY,
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Fig. 3. One-dimensional example of the ensemble using OGE. (a) The toy
problem. (b) Location of the base linear decision rules. (c) Example of an
expressive solution (the height of each data sample corresponds to the value
assigned by the ensemble II(z) without thresholding). (d) Example of a smoother
solution.

seminorm, of the solution is small. Thus, the lambda solution of the
system is the minimizer of

o = argmin(||Aa — I} + N[|(a — a’)|3), (6)

where A controls the weight of the residual norm and «* is an
initial estimate of the solution. Note that A controls the sensitivity
of ay to the perturbations in A and I. In practice, the A-regularized
ensemble solution is expected to reduce the effects of the
overfitting problem inherent in the local classifiers selection based
on neighboring rules.

By convention, we take one direction in the decision rule of
each base classifier and we want the optimization process to
respect this convention. Therefore, we must guarantee the
nonnegativity of the solution. This means that we do not allow
the optimization process to change the decision rule of a particular
classifier. In addition, we would like to reduce the number of
marginal classifiers as much as possible without hindering the
global performance. For all of these reasons, we opt for the
aggressive but effective solution of setting all negative weights to
zero in the final solution.? Additionally, if a* is set to zero, we
guide the optimization process to find the solution ensuring that a
high number of weights are zero while preserving its smoothness.

In this paper, we use SVD and filter factors for solving the
regularized problem. In order to find the optimal value of A, we
use a model selection technique by means of a 5-fold cross-
validation [8] on the data associated to the training set.

Summarizing the method, Table 1 shows the general procedure
for computing the optimized geometry-based ensemble.

Fig. 3 shows an intuitive example of the optimized geometric
ensemble (OGE). Fig. 3a shows the original one-dimensional toy
problem. In 1D, the CBPs are found as the middle points between
elements of the different classes, as we see in Fig. 3b. Each CBP
defines a local decision 7, ,(z). These are assembled in a final
ensemble TI(x). Figs. 3c and 3d show two possible results of the
ensemble. The height associated to each data sample corresponds
to the value assigned by the ensemble II(x) without thresholding.
Fig. 3c shows a very expressive solution, while Fig. 3d displays a
smoother solution. Observe that the adequacy of each solution
depends on the definition of the problem (i.e., assumptions about
the inaccuracy of the labels, noise in the data examples, etc.).

4 LINEARIZATION META-ALGORITHM for OGE (LOGE)

The weakest spots of the method come from the computational
complexity in obtaining the characteristic boundary points and the
lack of control in the final model complexity. As we noted in the
former section, the algorithm for finding the CBPs can
be computed in O(M? + dM?) and the number of classifiers in

2. Note that many sequential optimization procedures, such as LASSO,
ensure nonnegativity in the solution by setting all negative coefficients to
zero at each step of the process.
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the final model is upper bounded by M?/2. Thus, we propose a
linearization method with an explicit model complexity control
based on the subdivision and aggregation of smaller problems. The
algorithm can be seen as a hierarchical process in which each node
aggregates and solves a set of problems and yields a partial
solution of a certain desired complexity. The aggregation of the
different solutions is performed by joining the examples that create
the CBPs for each of the subproblems involved. Due to the local
definition of the classifiers, this method is expected to capture the
same distribution of CBPs as the complete problem when the
number of aggregated examples is high enough. Moreover, since
the complexity of the partial solutions is fixed, the computational
cost of the method becomes linear with the number of subpro-
blems solved.

Input: Set of data points
Output: Trained classifier ¢
Initialize L = &, ¢ = & ;
while iter < Niters do
Create a problem p by selecting &k data samples from each class;
Obtain the pair solution-problem (5, p) resulting of the optimization of
problem p;
Ly = L1 U (B p)s
foreach level of the list L do
if |Lé > K (aggregation factor) then
reate a new problem p;o;y, joining the data samples from the
problems stored at level 4;
L, = o,
[Optional] if complexity(pjoin) > 1 then
Select representative data of problem p;o;n (in OGE we
select 1o data samples according to the alpha value of the
CBP they create)

end

Obtain the pair solution-problem (p;gin , Pjoin ) resulting of the
optimization of the problem pjoin;

Lit1 = Lit1 U Pjoin, Pjoin)s

end

end

end

[Flush] foreach level ¢ from L do

Create a temporal solution ¢; by joining elements of the solutions from the
problems stored at level %;

c=2¢ U Ci,

end

Algorithm 2 allows for the linearization of the computational
cost of the OGE. Consider the use of groups of k input samples, a
fixed aggregation factor s that defines the maximum number of
subproblems to be aggregated at each level of the system and a
maximum allowed complexity of the solution model y—in OGE, p
is measured as the number of CBPs involved in the solution. The
algorithm can be seen as a tree structure in which each node
aggregates (optimizes) x problems and yields a p-complexity
solution. The algorithm starts with small subproblems of size k.
The optimization of each subproblem yields a partial p-solution
model. When s models at that level are obtained, they are
optimized into a new p-solution model of a higher level. Observe
that the algorithm has an optional step for controlling the
complexity of the model that selects the ;1 most relevant CBPs
according to their a value. When there are no more data available,
the system flushes the different levels aggregating the solutions
into a final model. As a result, if the optimization time of a problem
of size p is equal to 7, then, given an M-size input problem, the
worst-case solution is given by a binary tree (k=2,k=2).
Therefore, the complexity of the system is O(X7), where
72 O(p® + dp?). Note that this linearization comes at the cost of
having a predefined complexity on the output classification model.

5 EXPERIMENTS AND RESULTS

In this section, we describe and discuss the experiments we have
performed with data from three different environments. First, we
discuss our approach on toy problems. Second, data from the UCI
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Fig. 4. Ensemble surface on three toy problems. (a), (c), and (e) Original data sets.
(b), (d), and (f) Surfaces of the result of the ensemble.

repository is used to compare and validate our method. Finally, we
apply this approach to six different real computer vision problems.

5.1 Toy Problems

In this section, we pretend to illustrate qualitatively the behavior of
the proposed strategy. For this reason, we have designed three toy
problems with different particularities. The problems (see Figs. 4a,
4c, and 4e) have been designed to show the expressivity of the
resulting classifier. They are the spiral, the yin-yang, and the
extended xor problems. On the right side of each figure, we plot
the ensemble surface scoring before thresholding, II(x). In Figs. 4b,
4d, and 4f, one can observe that the ensemble makes qualitatively
good approximations of the data points. Moreover, the behavior in
the areas without data is relatively smooth.

5.2 Validation on UCI Database

In order to validate quantitatively our approach, we begin with an
analysis using the standard UCI database [9]. The data sets
selected can be seen in Table 2.

Experimental settings:

e  For this experiment, we have chosen a set of state-of-the-
art classifiers in order to empirically evaluate the perfor-
mance of the methods: k-nearest neighbors, support vector
machines with a radial basis function kernel, linear
support vector machines, discrete Adaboost ensemble with
decision stumps, relevance vector machines [16], and a
recently proposed Bayesian classifier [17].

e The experiments have been performed using the same
10 randomized runs of stratified 10-fold cross validation
for all the classifiers.

e The parameters (C,o,v) of the SVM and RVM, the
parameter k of the k-NN, and the parameter A of our
approach have been found using 5-fold cross-validation on
the training set using the same folds for all the classifiers.
As we commented, o* is set to zero in all the experiments.
The Discrete Adaboost is allowed to use a maximum of
1,000 decision stumps.
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TABLE 2
UCI Data Sets Used in the Experiments
with the Number of Examples and Dimensionality d

Database code Examples d Database code Examples d
Breast Winsc. (bew) 699 10 Statlog Heart (shd) 270 13
Bupa liver (bld) 345 6 Tic Tac Toe (ttt) 958 9
Heart Clev. (hec) 920 13 Spect (spt) 267 22
Tonosphere (ion) 351 34 Echocardiogram (ech) 132 13
Breast (bre) 569 32 New thyroid (nth) 215 5
Pima indians (pid) 768 8 Voting records (vot) 435 16
Sonar (snr) 208 60 Monks complete (mon) 432 7
Statlog Au Credit (sac) 690 14 Credit (cre) 690 15

e All data sets have been normalized with respect to the
mean and variance to avoid penalizing the nearest
neighbors approach.

Table 3 displays the resulting mean accuracy. For future
comparison purposes, we also include the confidence interval at
95 percent testing for statistical significance using a corrected two-
tailed ¢-test. The table must be read in the following way: There is a
o marker on the right side of the result that achieves the absolute
higher mean accuracy. The marker o shows the method with the
poorest performance. The table also shows the mean rank value
according to the accuracy.

From Table 3, it must be noted that OGE performs generally
better than most of the commonly used classifiers. Taking into
account the number of times a method achieves the best mean
performance, OGE is the first choice in 6 out of 16 data sets, followed
by RVM with 4, k&-NN with 3, SVML.rbf with 2, and Ham with 1.
Regarding the worst performances, Ham is the last option in 5 data
sets, RVM in 4, k.-NN and Adaboost in 3, and SVM.lin in 2. Observe
that OGE and SVM.rbf are never the last choice. Following the
guidelines proposed by Demsar [18], we test for global statistical
significance by means of the Friedman’s test. We proceed as follows:
First suppose that the differences in Table 3 are due to randomness.
In order to accept/reject this hypothesis, we use the Friedman
statistic. The Friedman’s Test with Iman and Davenport correction
obtains Fp = 2.43. With seven methods and 16 data sets, Iy is
distributed according to the F’ distribution with 6 and 90 degrees of
freedom. The critical value of F(6,90) for o = 0.05 is 2.20. Since the
obtained corrected value is higher than the critical value, we can
reject the null hypothesis. This means that the rankings obtained
convey significant information. Observe that the mean ranking
(random ranking) is 3.5. The only methods that achieve a ranking
below the average ranking value are SVM.rbf and OGE.
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We continue the analysis comparing our method with the
different representative samples of each of the families of classifiers
according to the concepts related in OGE. In order to perform this
comparison, we use the Bonferroni-Dunn test [18], which shows a
much greater power as a posthoc test when classifiers are compared
to a control classifier. For each test, we recompute the ranking
between OGE and the members of each family.

The proposed method is a member of the ensemble family.
Thus, comparing with Adaboost, the rank difference between
both techniques is 0.750, which is higher than the critical
difference for this test, CDj 19 = 0.411. Thus, OGE is statistically
better than Adaboost. From the point of view of regularization
frameworks without kernels, when compared with SVM.lin, the
rank difference between both techniques is 0.750, which tells that
OGE is statistically better than SVM.lin (CDy 19 = 0.411 in this
test). Regarding nonlinearity, comparing with kernel techniques,
SVM.rbf and RVM, the rank differences are smaller than the
critical difference, CD3p19 = 0.693. Thus, with this test, we
cannot distinguish statistically among these techniques. With
respect to the remaining techniques, OGE and Ham have a
difference value of 0.781, which shows that OGE statistically
outperforms Ham. On the other hand, OGE and k-NN have a
difference value of 0.531. Thus, at 90 percent, both techniques are
barely statistically indistinguishable. However, reducing the
statistical significance to 85 percent, OGE performs statistically
better than k-NN (p-value = 0.138).

5.3 Relationship to Graph-Driven Algorithms

The notion of the Gabriel neighboring rule in supervised
environments has been previously used in literature to edit the
training set to drive a nearest neighbor classifier [3], [4]. For the
sake of completeness, we experimentally compare the Gabriel
edited nearest neighbors approach (G-NN) and the A-NN rules on
the same 16 UCI data sets using the same settings as in the former
experimental section of the paper (see Table 4). In brackets, the
value of k is displayed. Observe that G-NN performs very similar
to k-NN. When compared to OGE on the same folds, the OGE
approach fares better in 11 out of the 16 data sets.

5.4 Time Comparison for OGE Basic Algorithm

In order to experimentally assess the computational performance
of the basic method, in Fig. 5 we show the mean training and test
time rankings after running 100 times the different algorithms on

TABLE 3
Comparison of Different Learning Techniques on Several UCI Data Sets
[ Database ][ k-nn [ SVM.rbf [ SvMlin [ Adaboost [ OGE [ RVM Hamsici
(bew) 97.03 & 0.43 97.01 & 0.38 96.65 L 0.39 95.01 £ 0.51 97.09 L 0.41e | 94.61 & 1.310 | 96.40 £ 0.41
(bld) 63.54 & 1.31 66.34 £ 1.48 68.63 £ 1.23 69.00 & 1.53 69.74 & 1.31 71.46 & 1.47e | 62.43 + 1.440
(hec) 82.87 4+ 1.23 80.70 £+ 1.31 82.40 + 1.26 75.93 £ 1.60,0 | 82.93 + 1.23e | 79.93 £ 1.35 82.83 +1.23
(ion) 86.47 & 0.910 94.86 £ 0.64 87.89 £ 0.95 90.50 + 1.05 90.92 £ 0.90 94.95 + 0.82¢ | 86.47 £ 0.950
(bre) 96.71 & 0.47 97.81 £ 0.35¢ | 97.03 £0.48 96.24 + 0.49 97.69 & 0.40 95.04 £ 0.580 | 96.67 £0.43
(pid) 66.57 & 1.400 68.47 £ 1.66 73.17 £ 1.49 70.17 & 1.63 72.33 £ 1.41 75.90 & 1.06 76.06 & 0.96e
(snr) 87.09 & 1.26e 86.82 & 1.31 75.05 £ 1.7 83.27 £+ 1.48 78.68 & 1.63 84.73 £ 1.65 74.41 £ 1.770
(sac) 86.09 & 0.80 85.20 & 0.82 85.24 £ 0.9 84.43 £ 0.92 87.07 = 0.90e | 83.88 £ 0.840 | 85.91 £ 0.91
(shd) 82.74 4+ 1.25 82.74 £ 1.15 83.63 £ 1.35 81.63 + 1.530 84.41 4+ 1.24e | 82.15 + 1.39 84.00 + 1.30
(ttt) 84.64 & 0.58 92.57 £ 0.46 64.95 £ 0. 01 65.97 £ 0.97 69.08 £ 0.93 94.89 £ 0.49¢ | 60.20 £ 1.390
(spH) 85.83 & 1.05 90.97 £ 0.96 80.14 £ 1.1 89.50 + 0.96 81.31 & 1.22 93.81 £ 0.70e | 89.19 £0.98
(ech) 88.57 & 2.420 | 92.57 £ 2.05 96.57 £ 1.4 94.00 & 1.39 98.57 & 0.84e | 98.00 £ 0.98 91.20 + 1.82
(nth) 96.18 = 0.71e 94.91 & 0.82 89.23 £ 1.0 94.55 £ 0.72 95.18 & 0.78 95.91 £ 0.89 86.32 £ 1.090
(vot) 93.64 & 0.57 96.52 + 0.65e | 95.95 £ 0.64 94.95 + 0.63 95.25 & 0.63 83.94 & 1.120 | 96.00 + 0.55
(mon) 91.27 & 1.290 89.20 £ 0.68 67.25 £ 1.120 | 74.84 + 0.92 78.55 & 1.80 88.09 £ 0.98 86.46 + 1.76
(cre) 86.02 & 0.82 85.92 4 0.83 86.75 + 0.80 84.20 + 0.840 86.97 4 0.79¢ | 86.70 +0.73 86.62 + 0.78
[ Rank ][ 4.03 [ 3.34 [ 4.25 [ 5.25 [ 2.69 [ 4.00 [ 4.44 |
TABLE 4
Results Using &-NN and NN with a Gabriel Edited Training Set
( [[_bew [ bid [ hec [ ion [ bre [ pid [ sor [ sac [ shd [ [ spt [ ech [ nth [ vot [ _mon [ cre ]
GNN 9701(18) | 63.54(18) | S8187(11) | 8636(1) | 96.72(5) | 66.30(19) | 87.09(1) | 86.09(19) | 82.79(5) | 84.64(6) | 8583(1) | 8857(12) | 96.14(1) | 93.64(5) | 9089(5) | 86.02(8)
k-NN 97.03(10) | 6354(18) | 8287(13) | 8647(1) | 9671(4) | 66.57(17) | 87.09(1) | 86.09(19) | 8274(5) | 84645 | 8583(1) | 88.57(1) 96.18(1) | 9364() | 9127(5) | 86.02(8)
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Fig. 5. Comparison of the mean training and testing times on the UCI data sets (in
rank). The training time includes a 5-fold cross validation for adjusting the
parameters of each algorithm when needed.

all data sets. In order for this to be a fair comparison, we have
performed this evaluation using the same machine (P5 2GHz with
1 GHz RAM). In particular, we have used the codes provided by
the authors of the Hamsici et al. [17], PRTools’ [22], nearest
neighbor, OSUSVM [21], and Tipping’s code for RVM [16].
Observe that there is a delicate trade-off between the training time
and the test time. Usually, a large training time resolves into a
small test time and vice versa. Note that our method stands in the
middle with moderate training and test times.

5.5 Online and Large-Scale Learning

Online learning refers to the property of a classifier self-adapting to
the arrival of new data without revisiting previous training data.
The linearization algorithm for OGE allows it to handle online
learning by setting k = 1. In order to validate the classifier in this
scenario, we feed the system one sample at a time using the same
experimental settings described formerly. Table 5 shows the
accuracy results using the system as online learner on the 16 UCI
data sets. Additionally, the mean training time for OGE and LOGE
are provided in Table 5. Observe that the training time is
drastically reduced and that the accuracy performance is similar
to the original OGE.

Finally, we have performed experiments with large-scale data
sets using three common databases found in the large-scale
literature: Covertypel [9], Shuttle [9], and Reuters-RCV1 CCAT
[20]—the class CCAT versus the rest. The description of the data
sets, accuracy, time results, and relative complexity of the resulting
model with respect to the training set (RC) are shown in Table 6.
Observe that the method allows us to cope with this kind of problem
and, due to the complexity control, the resulting model has a very
low complexity. Compared to the state of the art, on the Reuters data
set, the accuracy is lower than the highest one reported in literature
(93 percent). However, Covertypel and Shuttle results are as good
as the ones reported, 72 percent and 99 percent, respectively.

5.6 Results on Visual Object Recognition Problems

In order to further validate the results of our technique, we have
applied it to six real computer vision and signal processing
problems: gender recognition based on internal features of faces,
intravascular ultrasound (IVUS) image tissue characterization,
speed traffic sign recognition, Chagas’ disease myocardial damage

NO. 6, JUNE 2009 1145

severity detection, old musical scores clef classification and action

recognition using 3D accelerometer data from a wearable device.
Problem description:

TABLE 5
Comparison of Time and Accuracy Using LOGE in an Online Scenario

Gender recognition problem (fac). We use the publicly
available ARFace database [10]. The AR data set consists of
26 images per subject from 126 different subjects (70 male
and 56 female) acquired in two separate sessions. Face
images are preprocessed by manually selecting the center
pixel of each eye, and each sample has been rotated and
scaled. A final 36 x 33 centered thumbnail with only the
internal face features is used in the experiments.

Tissue characterization in Intravascular Ultrasound
images [14] (ivu). Intravascular Ultrasound (IVUS) images
show the morphological and histological properties of a
cross section of the coronary arteries. The physicians are
interested in characterizing the presence of a large soft
(lipidic) core with a thin fibrous cap. The RF signals are
acquired using a 12-bit Acquiris acquisition card with a
sampling rate of 200 MHz. Each IVUS image consists of a
total of 256 A-lines (ultrasound beams) and a length of
6.5 mm. The RF is acquired from patient pullback sequences
in vivo. The data set comprises 500 regions of tissues from
11 patients that have been previously segmented and
labeled by the physicians. For each region, the correspond-
ing power spectrum of the radio frequency data is obtained
and modeled with a 21 degree autoregressive model. As a
result, we obtain 200 features per region.

Recognition of speed traffic signs (spd). This is one of the
most difficult tasks in road mapping and guided naviga-
tion systems. In real applications, it is usual to previously
remove speed signs from the training set and distinguish
among them in a posterior processing step. In this
problem, we have a set of 32 different signs split in two
groups (speed versus nonspeed). The data set was
extracted from eight car drive records at different
locations, highways, and local roads. The total number of
examples is 2,217. Each extracted sign image measures
35 x 35 pixels. Each pixel is considered as an object feature.
Thus, the feature vector dimensionality is 1,225.

Chagas’ disease myocardial damage severity detection
[13] (cha). The application is focused on distinguishing two
clusters of patients affected by the Chagas’ disease.
Chagas’ disease is an infectious illness characterized by
alterations in the cardiovascular system caused by the
Tripanosoma Cruzi parasite. The aim of the application is
to distinguish between early stages of the disease in which
the myocardial damage is small but the patient shows
abnormal ECG and medium and late stages, where the
damage is severe. High-resolution electrocardiogram
(HRECG) is obtained from 107 patients. Two basic
phenomena are used for defining the features: the QRS
signal and the ventricular late potential (VLP) presence.
From these, 16 features are obtained (upward and down-
ward slopes of the QRS, QRS interval mean and variance,
root-mean-square value in a 40 ms interval, etc.

Old musical scores clef recognition (cle). The data set of
clefs and accidentals is obtained from a collection of

bew | bld hee bre [ sor

[ ion |

pid

[ sac

[ shd T wt

[ spt [ ecch T nth [ vot [ mon T cre ]

311
247
78.68
78.14

OGE Train
LOGE Train
OGE Accuracy
LOGE Accuracy

5.37
0.29
97.09
96.90

229
1.18
69.74
67.71

1.20
0.99
82.93
79.91

2.52
0.75
90.92
89.89

0.67
0.81
97.69
95.12

19.69
0.61

7233
69.20

10.66
4.80

87.07
84.55

0.88
0.98
84.41
83.81

165.83
1230
69.08
70.23

2736
2.56

81.31
79.75

0.01
0.02
98.57
93.05

0.08
0.08
95.18
92.54

7.31
2.30
95.25
95.30

24.84
391

78.55
82.36

13.86
191

86.97
84.48
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TABLE 6 TABLE 7
Results on Large-Scale Data Sets Results on Real Computer Vision and Pattern Recognition Applications
[ Dataset [ Accuracy | Training | Features | Test set | Training time | RC | Database SVM.IbF SVM.Iin Adaboost OGE
Covertypel 72.31% | 11340 = 565892 | 67: 5.2. 10-2 (fac) 86.44 i 2.02e | 83.42 £ 2.640 85.34 i 2.16 85.89 £ 2.72
_3 (ivw) 85.56 & 0.860 86.66 + 0.85 86.82 4 0.82 87.74 + 0.886
Shuttle 99.86% | 43500 2 14500 2.7 3.4-107 (spd) 91.60 + 2.01e | 81.40 + 2.920 88.20 + 2.06 90.60 + 3.67
Reuters CCAT | 87.5% 781265 47152 23149 23105 2.5-107 (cha) 81.04 + 3.23e 77.23 + 4.100 78.19 + 4.06 81.04 + 3.23e
(cle) 94.31 + 8.00 93.70 + 4.670 | 96.20 + 3.02e | 96.20 & 3.96e
(acc) 97.90 + 0.81 96.51 &+ 1.170 98.22 4 1.08 98.47 4 0.64e
rank 225 383 241 5

modern and old musical scores (19th century) of the
Archive of the Seminar of Barcelona. The data set contains
a total of 4,098 samples among seven different types of
clefs and accidentals from 24 different authors. For this
application, we extract the Blurred Shape Model [19] using
a grid size of 8 x 8. We reduce the dimensionality using
PCA keeping 95 percent of the energy.

e  Action recognition using a wearable device (acc). This
application consists in action recognition using data
provided by a 3D accelerometer on a wearable device.
We distinguish between the climbing and moving action.
The data set is recorded from 10 runs of half an hour each
using a wearable device in two natural scenarios by
10 diferent people. From the raw data, we compute
363 features corresponding to the mean value, energy,
FFT values, and cross correlation between acceleration axis
in windows of 40 samples with 20 samples of overlapping.

We have chosen a representative classifier from each of the

meaningful families according to the results obtained in the former
sections with the same experimental setting described in Section 5.2.
Table 7 shows the figures corresponding to the results of each
experiment. Observe that OGE is the first choice in four out of six
applications, obtaining the best overall ranking value. The second
choice is SVM.rbf that closely follows our approach, achieving the
best performance in three out of the six applications. Note, however,
thatit s the last choice in the (ivu) application and the third choice in
(cle) and (acc). Adaboost is close behind SVM.rbf, and SVM.lin is
only comparable to the rest of strategies in the (ivu) application.

6 CONCLUSIONS

This paper introduces a new kind of binary discriminant classifier
with nonlinear behavior based on the notion of characteristic
boundary points—points that belong to an optimal classification
boundary under some constraints. Using this concept, we build a
set of linear classifiers that are assembled by means of a Tikhonov
regularized optimization procedure in an additive model to create
a final A-smooth decision rule. As a result, a very simple method
with a clear geometric and structural meaning is obtained. It
automatically deals with the nonlinearities in the boundary—it
does not need to alter the metric of the space using kernels. Thus, it
removes the necessity of selecting and tuning kernels. Its accuracy
statistically outperforms some of the most well-known machine
learning strategies, such as Adaboost, k&-NN, or Linear SVM, and it
is on par with kernel approaches such as SVM with Radial Basis
Function kernels or Relevance Vector Machines. The basic
definition of the classifier has a moderate computational complex-
ity. Thus, we propose an algorithm that allows to compute the
ensemble in linear time as well as to control the complexity of the
final model. There is a trade-off between complexity—memory
requirements and computational time—and accuracy. The less
complex the solution, the worse it will handle nonlinearities. This
can potentially lead to a decrease in performance.

Due to its simplicity, it is easy to devise extensions for dealing
with current machine learning problems. As an example, we show
the performance of the technique as online learner and with three
large-scale data sets. We validate this technique on 16 UCI data
sets and apply it to six real computer vision and signal processing

problems: Gender recognition based on face images, Intravascular
Ultrasound tissue classification, speed traffic sign recognition,
Chagas’ disease myocardial damage severity detection, old
musical scores clef classification, and action recognition using
3D accelerometer data from a wearable device.

Since this paper introduces a new technique, there are many
open lines of research. Some points that deserve further attention
are: the search of different criteria for defining the robustness
notion for the CBPs, the analysis of alternate optimization
strategies forcing sparsity constraints to control the complexity of
the final model, or the theoretical relationship of this strategy with
the Bayesian framework.
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